




The Dissertation Committee for Jaroon Rungamornrat
certifies that this is the approved version of the following dissertation:
A Computational Procedure for Analysis of Fractures
in Three Dimensional Anisotropic Media
Committee:





A Computational Procedure for Analysis of Fractures
in Three Dimensional Anisotropic Media
by
Jaroon Rungamornrat, B.S., M.S.
Dissertation
Presented to the Faculty of the Graduate School of
The University of Texas at Austin
in Partial Fulfillment
of the Requirements
for the Degree of
Doctor of Philosophy
The University of Texas at Austin
August 2004
Acknowledgments
I wish to express my appreciation and gratitude to my advisor Professor Mark
E. Mear, for his excellent guidance and encouragement throughout this research.
I would also like to thank my Advisory Committee, Professor Eric B. Becker,
K. Ravi-Chandar, John L. Tassoulas, and R. Huang, for their helpful suggestions
and comments and especially to Professor C. Dawson for his useful guidance. Fur-
ther, my great appreciation goes to the National Science Foundation for providing
financial support for this work.
I would like to extend my thanks to all my colleagues and friends. In par-
ticular, I would like to thank Dr. Yishao Lai, Dillip Maniar and Bisen Lin for their
friendship and help. Last but not least, I would like to thank my parents Yookloong
and Boonma. Without their love and supports I would never finish this work.
Jaroon Rungamornrat
The University of Texas at Austin
August 2004
iv
A Computational Procedure for Analysis of Fractures
in Three Dimensional Anisotropic Media
Publication No.
Jaroon Rungamornrat, Ph.D.
The University of Texas at Austin, 2004
Supervisor: Mark E. Mear
A symmetric Galerkin boundary element method (SGBEM) is developed for
analysis of fractures in three dimensional anisotropic, linearly elastic media, and
the method is coupled with standard finite element procedures. Important features
of the technique are that the formulation is applicable to general anisotropy, the
kernels in the governing integral equations are only weakly-singular (of order 1/r)
hence allowing the application of standard Co elements in the numerical treatment,
and a special crack tip element is utilized which allows general mixed-mode fracture
data (viz. the stress intensity factors) to be efficiently determined as a function of
position along the crack front.
The weakly-singular, weak-form displacement and traction integral equations
which constitute a basis for the SGBEM are obtained via a regularization technique.
The technique utilizes a particular decomposition for the stress fundamental solu-
tion and for the strongly-singular kernel in order to facilitate an integration by
parts via Stokes’ theorem. The final integral equations contain only weakly-singular
v
kernels (given explicitly in terms of a line integral) which are applicable to gen-
eral anisotropic materials. These weakly-singular kernels are obtained by solving a
system of partial differential equations via the Radon transform.
A symmetric formulation is developed by a suitable use of the weakly-singular
displacement and traction integral equations. As part of the numerical implemen-
tation, a Galerkin approximation strategy is utilized to discretize the governing
integral equations. Standard isoparametric Co elements are employed everywhere
except along the crack front where a special crack-tip elements is used. To demon-
strate the accuracy and versatility of the method, various examples for cracks in
both unbounded and finite domains are considered.
Finally, a symmetric coupling of the SGBEM and the standard finite element
method is established. The coupling strategy exploits the versatility and capabil-
ity of the finite element method to treat structures with complex geometry and
loading, while employing the SGBEM to efficiently and accurately treat a (local)
region containing the crack. In the numerical implementation, both conforming and
nonconforming discretization along the interface of the two regions are treated. In
addition, the coupling of the SGBEM with a commercial finite element code is ex-
plored and successfully implemented. Several examples are presented to illustrate
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F.1 Schematic indicating numerical numerical treatment of ΛeBR. In the
center figure, elements associated with SBI are indicated in solid line




Significant progress in failure analysis over the past four decades has aided in the
design and analysis of fracture critical and flaw/damage tolerant structures. Until
recently, stress analysis of cracks has, for the most part, been limited to situations
where the flaws can be treated either within the context of a two-dimensional bound-
ary value problem or within the context of a relatively simple three-dimensional
problem. It is now recognized, however, that to ensure the safety and integrity of
complex structural components, it is necessary to be able to perform fully three-
dimensional stress analysis for complex crack and component geometries, and this
necessitates the use of numerical techniques developed specifically for this purpose.
For a wide variety of fracture mechanics applications, any inelastic defor-
mation which may exist is contained within a small region near the crack tip (viz.
small scale yielding pertains) and, as a consequence, a stress analysis based upon
linear elasticity is appropriate. In this context, the quantities sought are the stress
intensity factors which provide a measure of the dominant behavior of the stress
field in the vicinity of the crack front. In three dimensional applications, fracture
problems are often fully mixed-mode and it is necessary to have a computational
procedure which can independently and accurately resolve all three stress intensity
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factors as functions of position along the crack front.
The purpose of this work is to develop such a computational procedure
for treatment of three-dimensional boundary value problems involving cracks in
anisotropic media. The methodology can be classified as a symmetric Galerkin
boundary element method (SGBEM), and it has the important feature that it in-
volves only weakly-singular kernels which are given in an explicit and simple form for
general anisotropy. For the special case of isotropic material behavior the method is
closely related to one developed by Li and Mear [28] and Li et al. [29], but it should
be noted that the extension to general anisotropy necessitates the development of
a new set of governing integral equations (or, more specifically, the development
of a new set of kernels for these integral equations). The weakly-singular SGBEM
developed here is well suited for a coupling with the standard finite element method
(FEM), and such a coupling is implemented as part of this work. This coupled
procedure allows for an accurate treatment of the crack (and a region of the domain
in the neighborhood of the crack) while taking advantage of the efficient and flexible
modeling capabilities of the FEM for treating the bulk of the structure.
In the next section we provide a review of the boundary element method
(BEM) as applied to three-dimensional fracture analysis. We remark that there
has been relatively little work in this area for anisotropic material behavior and,
in particular, there appears to be no previous developments for weakly-singular,
symmetric Galerkin boundary element methods. The chapter concludes with an
overview of the specific theoretical and numerical developments which comprise this
dissertation.
1.1 BEM for linearly elastic fracture analysis
An attractive feature of the boundary element method is that, in the absence of
body force, the governing equations involve only integrals over the boundary of the
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domain rather than its volume. Unfortunately, when the standard boundary element
formulation (in terms of a displacement integral equation obtained from Somigliana’s
identity) is specialized to fracture problems it suffers from a degeneracy associated
with the fact that the integral equation lacks information about the traction acting
on the crack faces (e.g Cruse [11]). One approach to overcome this difficulty is
to employ a multi-domain technique in which the displacement integral equation
is employed separately for sub-domains obtained by partitioning the body along a
‘fictitious surface’ which passes along the crack surface (e.g. [5], [35]). However, this
technique gives rise to practical difficulties associated with introducing and treating
the fictitious surfaces (especially when several cracks are to be treated), and it
is generally recognized that it is advantageous to pursue an alternative approach
in which a traction integral equation is used either instead of or in addition to a
displacement integral equation.
Now, a traction integral equation can be readily obtained from Somigliana’s
identity by use of the strain-displacement relations and Hooke’s law, but the in-
tegral equation obtained in this direct fashion contains a strongly-singular kernel
(of order 1/r3) and its validity requires that the gradient of the displacements be
continuous (e.g. [7], [32]). The strongly-singular kernel requires special theoretical
and numerical considerations and, in particular, C1 elements must be adopted for
a proper numerical treatment of the integral equation (e.g. [20]).
Toward alleviating the difficulties posed by the strongly-singular kernel, sing-
ularity-reduced traction integral equations have been sought through a regulariza-
tion process involving an integration by parts. In the context of three dimensional
crack modeling, the first such singularity-reduced traction integral equations ap-
pears to be the Cauchy-singular (of order 1/r2) relation obtained independently by
Bui [9] and Weaver [43]. Their integral equation is restricted to mode-I loading
of a planar crack in an unbounded domain, but the result was later generalized
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by Sládek and Sládek [37] to allow treatment of curved cracks and mixed mode
loading. It should be noted that while the kernel appearing in these equations is
Cauchy-singular rather than strongly-singular, there remains the requirement that
the derivatives of the relative crack-face displacement be continuous. In an attempt
to further reduce the order of the kernel, Cruse [12], Liu and Rudophi [30], and
Sládek and Tanaka [38] exploited certain identities to obtain ‘weakly-singular’ trac-
tion integral equations, but the nature of the requirement on the regularity of the
crack-face displacement data remains unclear for these integral relations.
The first weakly-singular, weak-form traction integral equation for fracture
analysis is that by Gu and Yew [21]. Their development rests upon Weaver’s [43]
Cauchy-singular traction integral equation and, as such, is restricted to an isolated
planar crack subjected to mode-I loading. A generalization of this work was carried
out by Xu and Ortiz [46] who developed a variational boundary integral equation
to treat an isolated crack with arbitrary geometry and mixed-mode loading. To ob-
tain their integral equation, Xu and Ortiz [46] utilized the fact that the crack-face
displacement can be represented in terms of a continuous distribution of dislocation
loops. An important feature of this traction integral equation is that it involves
a weakly-singular kernel (of order 1/r) and, as a consequence, the crack-face dis-
placement data need only be continuous hence allowing standard Co elements to be
employed in the numerical treatment. The limitation of the work is that it applies
only for a crack in an unbounded domain.
Li and Mear [28] and Li et al. [29] presented a systematic technique for
regularizing both the displacement and traction integral equations associated with
three dimensional isotropic media, and by using this technique they were able to
obtain a pair of weakly-singular, weak-form integral equations applicable to cracks
in a finite domain. We remark that their final formulation is closely related to that
of Bonnet [8], although the latter work is for elasticity problems in the absence of
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a crack. Li et al. [29] used the pair of weakly-singular displacement and traction
integral equations as the basis for a symmetric Galerkin boundary element method,
and they successfully implemented the formulation to allow treatment of general
boundary value problems for bodies containing cracks. An important aspect of their
numerical implementation is the use of a special crack tip element; the element has
the novel feature that there exist degrees of freedom associated with nodes on the
crack front and these degrees of freedom are directly related to the stress intensity
factors. Using this special element, Li et al. [29] and Xiao [45] were able to obtain
highly accurate stress intensity factor data for mixed-mode fracture problems even
when relatively coarse meshes were employed. However, the formulation is applicable
only to isotropic solids, and the technique employed to obtain the regularized integral
equations does not readily lend itself to a generalization to treat material anisotropy.
1.1.1 Anisotropy
The presence of material anisotropy significantly increases the complexity
of boundary value problems and, in fact, it can give rise to mixed-mode fracture
conditions even for simple crack configurations and applied loads which would be
otherwise strictly mode-I were the material isotropic. A need to treat material
anisotropy arises in a variety of applications including those involving single crystals
(e.g. single crystal turbine blades, various micro-electro-mechanical devices), those
involving fracture of anisotropic rock and, perhaps most commonly, those involving
the failure of composite materials. It should be noted that modeling anisotropic ma-
terial behavior within the context of singular integral equations is quite challenging
due to the complexity of the associated fundamental solutions.
Work on integral equation modeling for cracks in three-dimensional anisotropic
media is modest in comparison to such work for isotropic material behavior. Sáze
et al. [35] utilized the displacement fundamental solution of Pan and Chou [34] to
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obtain a displacement integral equation suitable for use in a standard boundary el-
ement method. Their formulation is specific to transversely isotropic materials and
requires that the multi-domain approach be employed in order to treat a crack. The
singularity-reduced traction integral developed by Sládek and Sládek [37] which was
discussed earlier actually applies to general anisotropy, but (in addition to the limita-
tions already mentioned) it explicitly involves the stress fundamental solution which
is difficult to compute for anisotropic material behavior. More recently, Sládek et
al. [39] established completely regularized integral equations for anisotropic media
which are applicable to cracks in both unbounded and finite domains. However, for
the integral to be valid there remains the requirement that the displacement data be
C1 and, further, the integral equations involve both the gradient of the displacement
fundamental solution and the stress fundamental solution.
Work toward developing weak-form, weakly-singular traction integral equa-
tions for cracks in anisotropic media is particularly limited. Becache et al. [4] utilized
a double layer potential technique along with the Fourier transform to obtain a reg-
ularized integral equation for three dimensional anisotropic elastodynamics. Their
final result is in the frequency domain and is left expressed in terms of the Fourier
transform variables associated with the spatial coordinates. In principle, the re-
sult can be specialized to the static case by taking a limit in which the frequency
tends to zero, but the treatment of this limiting process as well as the subsequent
inversion of the Fourier transform appears to be quite complicated. Recently, Xu
[47] utilized Lothe’s [31] expression for the interaction energy between dislocation
loops to extend the formulation by Xu and Ortiz [46] to allow treatment of material
anisotropy. The resulting integral equation contains a weakly-singular kernel but its
application is limited to a crack in an unbounded domain. A SGBEM treatment for
finite domains, in terms of a set of weakly-singular, weak form integral equations
analogous to that developed for isotropy by Li et al. ([29]) has not previously been
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established.
1.1.2 Drawback of BEM for large problems
Boundary element methods were originally devised to model elastic bodies
in the absence of cracks, but it is their use in stress analysis of cracks which is of
primary interest here. The SGBEM developed by Li et al. ([29]) (and extended
in this work to account for material anisotropy) can certainly be used to analyze
boundary values problems in which a crack is not present but, as the geometry to be
modeled becomes increasingly more complex, it tends to become computationally
expensive as compared with the standard finite element method. Even though the
SGBEM gives rise to a symmetric coefficient matrix, the matrix is dense and each
of its entries must be computed by means of a double surface integration involving
a weakly-singular kernel. In contrast, the FEM involves a sparse coefficient matrix
the entries of which are readily computed. This motivates the development of a
coupled SGBEM-FEM strategy in which the SGBEM is used to model the crack
and a region immediately surrounding the crack, while the FEM is used to model
the remainder of the (possibly very complex) domain.
Within the context of elastic boundary value problems without cracks, there
has been significant work directed toward coupling the standard BEM with the FEM
(e.g. [36], [14], [15]) and toward coupling a strongly-singular SGBEM with the FEM
(e.g. [17], [22], [48]). With regard to the weakly-singular SGBEM of Li et al. ([29]),
Xiao [45] developed the equations governing a SGBEM-FEM coupling and Frangi
and Novati [16] recently implemented these equations for the special case of pure
traction boundary value problems. It should be noted that the latter coupling has
been carried out only for the case in which the SGBEM and FEM meshes conform
on the interface separating the two regions and, of course, it is restricted to isotropic
materials.
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Here, a SGBEM-FEM coupling is pursued for treatment of three dimensional
cracks in general anisotropic media and, importantly, the coupling is carried out in
such a way that it allows independent mesh refinements to be employed on the
SGBEM and FEM regions. The overall strategy is to utilize the SGBEM to model a
local region containing the fractures, to employ the extensive capabilities of the FEM
to treat the remaining domain, and to couple the two models together through a
weak enforcement of the traction and displacement continuity conditions. A special
case of this coupling is that which arises when the meshes conform on the interface,
but we emphasize that the freedom to mesh the two regions independently can
in certain cases significantly simplify the modeling effort. We also note that the
formulation and implementation is carried out for general boundary value problems
without restrictions on the type of boundary conditions which can be applied on
the regular boundary.
1.2 Overview of the dissertation
As stated above, the objective of this dissertation is to develop a computational
technique for analysis of fractures in three-dimensional, anisotropic linearly elastic
media. The remainder of the dissertation is organized as follows.
In Chapter 2, a systematic procedure is followed to establish weakly-singular,
weak-form integral equations for displacement discontinuities in linearly elastic,
anisotropic media. Singularity-reduced displacement and traction integral equa-
tions are first obtained for an isolated displacement discontinuity. A regularization
of the Cauchy singular (order 1/r2) and strongly-singular (order 1/r3) kernels which
appear in the standard formulation is accomplished by constructing certain decom-
positions for the kernels, and then employing these decompositions to affect an
integration by parts via Stokes’ theorem. The decompositions themselves involve
kernels which are weakly-singular, and these kernels are evaluated in explicit and
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concise form through an application of the Radon transform. Representations for
the elastic fields induced by dislocations are discussed in addition to those for cracks
in order to allow a connection to be made to relevant literature on dislocation me-
chanics. Finally, the formulation is extended to cracks in a finite domain. The
regularization process for this case is analogous to that for an isolated crack ex-
cept that the integral equations contain additional terms associated with the finite
boundary of the domain. The displacement and traction integral equations which
are obtained apply to both embedded and surface breaking cracks.
In Chapter 3, a symmetric Galerkin boundary element method (SGBEM)
is established for analysis of cracks in both unbounded and finite domains. The
technique is based upon the weakly-singular, weak-form traction and displacement
integral equations developed in Chapter 2. Important features of the formulation are
that it is symmetric, the integral equations contain only weakly-singular kernels (of
order 1/r), and it is applicable to general material anisotropy. In the numerical im-
plementation, standard Co isoparametric elements are employed everywhere except
along the crack front where the special crack tip element developed by Li et al. ([29])
is utilized. This element incorporates the proper asymptotic crack-tip behavior by
means of special degrees of freedom at nodes along the crack front and, importantly,
the stress intensity factors are given directly in terms of these degrees of freedom. To
demonstrate the versatility and accuracy of the method, several numerical examples
are considered for cracks in an unbounded domain and for embedded and surface
breaking cracks in a finite domain. It is found that highly accurate stress intensity
factor data can be obtained, even for mixed-mode problems, using relatively coarse
meshes.
In Chapter 4, a symmetric coupling of the SGBEM and the standard FEM
is established. The strategy followed is to utilize the SGBEM for treatment of the
crack and a region immediately surrounding the crack, while employing standard
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FEM techniques for the remainder of the structure. Symmetry of the coupled for-
mulation is achieved by properly combining a system of integral equations governing
the region treated by the SGBEM with a weak statement (obtained in the usual way
from the principle of virtual work) governing the region modeled by the FEM. In the
development and implementation, both conforming and nonconforming discretiza-
tions at the interface separating the two regions are considered to allows independent
meshing of the SGBEM and FEM regions. Various examples, especially ones involv-
ing surface breaking cracks, are treated to illustrate the accuracy, robustness and
versatility of the coupled SGBEM-FEM strategy. Finally, a coupling of the SGBEM
with the commercial software package ABAQUS is carried out within the context






Consider a homogeneous, anisotropic, linearly elastic domain containing
an isolated displacement discontinuity as shown schematically in Figure 2.1. The
surface of the discontinuity is comprised of an upper and lower surface1 S+ and
S−, respectively, and these surfaces are geometrically coincident such that their
unit normals (taken to be directed ‘into’ the discontinuity) satisfy n+i = −n−i . It
is assumed that the domain in which the discontinuity is embedded is free of body
force and that remote loading is absent. Further, it is assumed that, as is typical,
the traction acting on the discontinuity is locally self-equilibrated in that it satisfies
t+ = −t− at each point on the geometrically coincident surfaces.
Somigliana’s identity is readily specialized to this case, with the result being
an integral relation giving the displacement u at a point x in the domain in terms
1Here and in what follows, the superscripts + and - are used to indicate that the quantity is






Figure 2.1: Schematic of an isolated discontinuity.
of data on the surface of the discontinuity. With S ≡ S+ and ni ≡ n+i , this well




Spij(ξ − x) ni(ξ)∆uj(ξ) dS(ξ) (2.1)
in which the kernel Spij corresponds to the stress induced by a unit concentrated
load acting in the pth coordinate direction2, and where ∆uj(ξ) = u+j (ξ) − u−j (ξ)
denotes the jump in displacement across the discontinuity (i.e. the relative displace-
ment of the two geometrically coincident surfaces associated with the displacement
discontinuity). Utilizing this form of Somigliana’s identity, an integral relation for










2The use of both superscripts and subscripts in expressing the cartesian components of tensor
valued quantities is simply a matter of notational convenience. See Appendix A for a description
of the notation adopted for the fundamental solution.
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in which Elkpq are the elastic moduli. These integral relations apply for points x
which are not on the surface of the discontinuity and, owing to the Cauchy-type
singular kernel in (2.1) and the strongly-singular kernel in (2.2), proper care must
be exercised in considering a limit as x approaches this surface. In particular, when
(2.2) is to be utilized to obtain a relation for the traction on the surface of the
discontinuity, it is necessary to properly treat and interpret the limit in terms of a
Hadamaard finite part integral.
We now distinguish two special types of displacement discontinuities: the first
is a dislocation for which bi ≡ ∆ui is a prescribed constant, and the second is a crack
for which the traction ti ≡ t+i = −t−i is prescribed and the relative displacement
∆ui is to be determined (subject to the condition that it vanishes along the edge
of the discontinuity, viz. the crack front). For the latter case it is important to
note that the displacement relation (2.1) does not contain information about the
traction acting on the discontinuity, hence it is ‘degenerate’ in this sense and does
not provide a basis for obtaining a useful integral equation for the unknown relative
crack-face displacements. Instead, attention must necessarily be directed toward the
stress relation (2.2) and, specifically, toward its use in obtaining a traction integral
equation.
Now, for either of these two types of discontinuities it is of interest to reg-
ularize the integral relations to render them more suitable for numerical analysis.
What is sought is to reduce the ‘strength’ of the singularity associated with the
kernels by means of an integration by parts. Such results are well known in the field
of dislocation mechanics (e.g. Hirth and Lothe [24]; Lothe [31]), and more recently
there has been significant work directed towards achieving such regularization for
cracks (e.g. Xu and Ortiz [46], Li and Mear [28], Becache et al. [4], Xu [47]). The
purpose of the work presented in this chapter is to provide a straightforward, com-
plete development of such singularity-reduced integral equations for application to
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displacement discontinuities in anisotropic media.
2.1 Development of singularity-reduced relations
We first provide an overview of the regularization strategy utilized to obtain
singularity-reduced integral relations, after which we develop in detail the kernels
which appear in these relations. The development is carried out in the context of
an isolated discontinuity as introduced above, but we emphasis that the primary
objective of this work is to develop a full set of weakly-singular, weak-form equa-
tions applicable to treatment of cracks in a finite domain, and these results will be
established using the results obtained for an isolated discontinuity. In this context
we remark that whereas a displacement integral equation following from (2.1) is
not essential for treating an isolated crack (when it is the relative displacements
∆ui or, more specifically, the stress intensity factors which are sought), its counter-
part for finite domains is relevant for developing strategies to treat general fracture
problems. For this reason, a singularity-reduced displacement integral equation is
discussed even for the case of an isolated discontinuity.
Toward developing the singularity-reduced integral equations, we first es-
tablish their existence in terms of certain weakly-singular kernels. Explicit partial
differential equations governing these kernels are derived and, after the overall form
of the integral equations is established, these differential equations are solved by an
application of the Radon transform. Results are obtained for general displacement
discontinuities, but these results then specialized for treatment of dislocations and
cracks. We begin with the displacement integral equation after which a treatment




As a means to develop a singularity-reduced displacement integral equation,
we introduce a decomposition for Spij which is analogous to that utilized by Li and
Mear [28] in their treatment of isotropic media. Specifically, we write


















ij,i = −δpj δ(ξ − x) (2.6)
in which δ(ξ − x) is the 3-D Dirac delta function centered at x, it follows that F pij
is divergence free everywhere including the source point x. This fact implies the
existence of the representation (see Appendix C)




where the kernel Gpmj is weakly-singular at ξ = x in the sense that it is of order 1/r
as r → 0. Using (2.4) and (2.5), and expressing the ‘stress fundamental solution’
Spij in terms of the ‘displacement fundamental solution’ U
i
j , equation (2.7) gives rise















For isotropic material behavior it is relatively simple to evaluate Gpmj by means of a
‘direct integration’ of these partial differential equations (see Li and Mear [28]), but
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such an approach is extremely difficult, if not impossible, for general anisotropy due
to the complicated nature of the fundamental solution. However, an explicit solution
can be obtained in a straightforward fashion by exploiting the Radon transform, and
this solution will be presented further below.
Now, using (2.4) and (2.7) to re-express the stress fundamental solution which
appears in the displacement integral relation (2.1), and then integrating by parts




Gpmj(ξ − x)Dm∆uj(ξ) dS(ξ)−
∮
∂S










is a surface differential operator. We note that the kernel Hpijni (which also arises
in the context of integral representations for Laplace’s equation) is weakly-singular
hence the integral relation (2.9) does in fact involve only weakly-singular kernels.
With yεS being a point on the surface of the discontinuity, the limit x → y is now






Gpmj(ξ − y) Dm∆uj(ξ) dS(ξ)−
∮
∂S




Hpij(ξ − y) ni(ξ)∆uj(ξ) dS(ξ) (2.11)
in which Σup(y) = u+p (y) + u
−
p (y). While this relation is not of primary interest
in our development, it does provides the additional information required to (sepa-
rately) determine the displacement of the upper and lower surfaces of the disconti-
nuity. Before pursuing the displacement equation further, we turn our attention to
establishing the existence of singularity-reduced relations for the stress and traction.
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2.1.2 Stress and traction
The kernel Σlkij (ξ − x) which appears in the stress relation (2.2) is strongly-
singular in the sense that it is of order 1/r3 as r → 0. Toward establishing a
singularity-reduced alternative to (2.2), we first note that (see Appendix A)















That is, the divergence of Σlkij with respect to either ξi or ξl vanishes everywhere
except at the source point x where it possesses a singularity in terms of the derivative
of the Dirac-delta function. This observation motivates a decomposition of Σlkij (ξ−x)
as
Σlkij (ξ − x) = Σ̃lkij (ξ − x) + Dlkij (ξ − x) (2.14)
in which
Dlkij (ξ − x) = −Eijkl δ(ξ − x) (2.15)
and where Σ̃lkij is divergence free (with respect to ξi and ξl) everywhere including the
source point x. It then follows that there exists a representation in the form (see
Appendix C)






Ctkmj(ξ − x) (2.16)
where the kernel Ctkmj is weakly-singular at ξ = x in the sense that it is of order
1/r as r → 0. Upon combining (2.14), (2.15) and (2.16), and then expressing Σlkij in
terms of the displacement fundamental solution, we obtain the system of differential







Ctkmj(ξ − x) = ElkpqEijab
∂2Upa (ξ − x)
∂ξq∂ξb
+ Eijklδ(ξ − x) (2.17)
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We defer solution of these equations until the next section.
We now return to (2.2) and use the results presented above to obtain a
singularity-reduced relation for the stress field induced by the displacement discon-
tinuity. A key observation in this regard is that, for any point x in the domain (i.e.
x /∈ S), the validity of (2.2) is unaltered by replacing the kernel Σlkij with Σ̃lkij ; this
follows immediately from the decomposition (2.14) and the fact that, for x /∈ S, the
term involving the integral of the Dirac delta function vanishes. Combining (2.2)
(with Σlkij first replaced by Σ̃
lk
ij ) and the representation (2.16), integrating by parts
via Stokes’ theorem and utilizing the translational property of the kernel Ctkmj to









Ctkmj(ξ − x)∆uj(ξ) dξm +
∫
S
Ctkmj(ξ − x) Dm∆uj(ξ) dS(ξ)
(2.19)
involves only weakly-singular kernels.
The relation (2.18) for the stress at an internal point x is well suited to
obtain an integral equation for the traction acting at a point y ∈ S on the surfaces
of discontinuity. Indeed, to do so we simply form nl(y)σlk(x) and take a limit as
x → y with the result
tk(y) = DtΩtk(y) (2.20)
Finally, a weakly-singular weak-form traction integral equation follows by multiply-
ing (2.20) by a continuous test function ∆ũk(y), integrating the result with respect












2.1.3 Solution for Gpmj and C
tk
mj
The existence of the kernels Gpmj and C
tk
mj has been established, and it has
been shown that that these two kernels are governed by the system of differential
equations (2.8) and (2.17), respectively. In this section we provide a solution for
the kernels through an application of the Radon transform. (See Appendix B for
a summary of certain results concerning the Radon transform which are relevant
to our development.) As a starting point, we summarize the use of the Radon
transform to obtain the displacement fundamental solution. This procedure is well
known (we note in particular the description given by Bacon et al. [2]), but it is
presented here since certain intermediate results will be needed in the development
to follow.
For a unit point load acting in an unbounded anisotropic solid, Navier’s
equation (governing the displacement fundamental solution) takes the form
Eijkl
∂2Upk (ξ − x)
∂ξl∂ξj
= −δip δ(ξ − x) (2.22)
Upon an application of the Radon transform we find
zlzjEijkl
∂2Ûpk (z, α− z · x)
∂2α2
= −δip δ(α− z · x) (2.23)
where f̂(z, α−z ·x) denotes the transform of a function f(ξ−x) (in the transform
domain {α,z} in which α is a scalar and z is a unit vector). With (z,z)ik ≡
zjEjiklzl, (2.23) can be solved for ∂2Û
p
k/∂α
2 with the result
∂2Ûpa (z, α− z · x)
∂α2
= −(z, z)−1ap δ(α− z · x) (2.24)
where (z, z)−1 denotes the inverse of the tensor (z, z). An application of the inverse
Radon transform then leads to





(z, z)−1ij ds(z) (2.25)
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in which the integral is to be evaluated over a unit circle ‖z‖ = 1 on a plane normal
to the vector r = ξ−x as shown schematically in Figure 2.2. Note that the integrand
is well-defined at every point along the contour as a result of the positive definiteness





Figure 2.2: Schematic indicating contour of integration for the displacement funda-
mental solution.
Kernel Gpmj
Taking the Radon transform of (2.8), we obtain
εikmzk
∂Ĝpmj(z, α− z · x)
∂α
= Eijabzb
















= −δ(α− z · x) (2.27)
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and utilizing (2.24), we obtain
εikmzk
∂2Ĝpmj(z, α− z · x)
∂α2
= Ωijp δ(α− z · x) (2.28)
in which
Ωijp = δpjzi − Eijdczc(z,z)−1pd (2.29)
Now, a particular solution of (2.28) can readily be constructed by expressing
Ωijp in terms of the product of εikmzk and a certain function as follows:
Ωijp = δiaΩajp
= δiaδkbzkzbΩajp
= (εikmεabm + δibδka)zkzbΩajp






Note that the epsilon-delta identity εijkεipq = (δjpδkq − δjqδkp) has been used along
with the fact that zaΩajp = 0. With (2.30) and the fact that εabmzazb = 0, (2.28)
becomes
εikmzk




− εabmzbzc (z, z)−1pd Eajdc δ(α− z · x)
]
(2.31)
and a particular solution of (2.31) follows by inspection with the result
∂2Ĝpmj(z, α− z · x)
∂α2
= −εabmzazc (z, z)−1pd Eajdc δ(α− z · x) (2.32)
By employing the Radon transform inversion, the kernel Gpmj in physical domain is
obtained as






zbzc (z, z)−1pd ds(z) (2.33)
As in the case for the displacement fundamental solution (2.25), the kernel Gpmj is
singular only at ξ = x and is of order 1/r as r → 0.
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Kernel Ctkmj
Upon taking the Radon transform of (2.17) and utilizing (2.24), we find that
εismεlrtzszr
∂2Ĉtkmj(z, α− z · x)
∂α2
= Λijkl δ(α− z · x) (2.34)
where
Λijkl = Eijkl −Eijeo Ednkl zozd (z, z)−1en (2.35)
Proceeding in a fashion analogous to that used to obtain Gpmj , we seek a particular
solution of (2.34) by expressing Λijkl in terms of a product between the linear oper-
ator εismεlrtzszr and a certain function. With the use of the epsilon-delta identity
and the fact that zaΛajkl = 0, we obtain
Λijkl = δiaΛajkl
= δiaδpszszp Λajkl
= (εismεapm + δipδsa)zszpΛajkl
= εismεapmzszp Λajkl + zizaΛajkl
= εismεapmzszp Λajkl (2.36)
Upon a further manipulation (now ‘on the index l’) we find
Λijkl = εismεapmzszr δprδlbΛajkb
= εismεapmzszr(εlrtεbpt + δlpδrb)Λajkb






in which the epsilon-delta identity has been used yet again along with the fact that
zbΛajkb = 0. With (2.34) and (2.37), it is evident that a particular solution for
∂2Ĉtkmj/∂α
2 is given by
∂2Ĉtkmj(z, α− z · x)
∂α2
= εpamεpbtΛajkbδ(α− z · x) (2.38)
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and the kernel Ctkmj(ξ − x) is obtained by utilizing the Radon transform inversion
formula with the result






By exploiting the identity (z, z)ij (z, z)−1ij = 3, a more concise relation is obtained
as






zozd (z, z)−1en ds(z) (2.40)






Note that the kernel Ctkmj is also singular only at ξ = x and is of order 1/r as r → 0.
Summary of the kernels






(z, z)−1ij zkzl ds(z) (2.42)
Then the displacement fundamental solution U ij , the kernel G
p
mj and the kernel C
tk
mj
can be expressed in succinct form in terms of this single tensor as
U ji (ξ − x) = Kikjk (2.43)
Gpmj(ξ − x) = εabmEajdc Kpbdc (2.44)
Ctkmj(ξ − x) = Atkeomjdn Keond (2.45)
in which Atkeomjdn is given by (2.41).
We remark that, in a fashion analogous to one which is well known for
the displacement fundamental solution, an alternative form for Kikjl in terms of
an integral on the real line can be readily obtained. Indeed, upon expressing z as
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z = a cosα + b sinα, α ∈ [0, 2π] in which a and b are two orthonormal vectors







(1 + p2)|Γ(p)| dp (2.46)
where p = tanα,
Γij = (a, a)ij + {(a, b)ij + (a, b)ji}p + (b, b)ij p2 , (2.47)
Γ̃ijΓjk = |Γ(p)|δik , (2.48)
Θkl = akal + (akbl + albk)p + bkblp2 , (2.49)
|Γ(p)| denotes the determinant of the matrix Γ and where, for example, (a, b)ij =
akEkijlbl. The evaluation of this integral (via contour integration) involves, as usual,
determining the roots of a sextic equation (e.g. [42], [44]), and differs from the
standard treatment for the displacement fundamental solution only in a minor way
associated with the additional term Θkl and the two simple poles at p = ±
√−1
which arise from the presence of zkzl in (2.42).
2.2 Dislocations and cracks
The integral relations developed above apply to isolated displacement discon-
tinuities of general type. Of particular interest are dislocations and cracks, and in
this section we discuss these two special cases.
2.2.1 Dislocations
For the special case of a dislocation for which bi ≡ ∆ui is constant, the
singularity-reduced integral equation (2.9) gives rise to a generalization of Burgers’

















Hpip(ξ − x) ni(ξ) dS(ξ) (2.51)
is the solid angle to the surface. As shown in Appendix D, the solid angle can be













rp(ξ − z) dzt (2.53)
in which Γ(x) is any path, originating at x and extending to infinity, which does










in which p is a unit vector along the path (directed toward x) and ek ≡ (ξk−xk)/r.
A piecewise-linear path is also readily treated, so in this sense it is always possible
to choose a path which does not intersect the discontinuity and which is such that
a simple closed-form relation for ωm can be obtained. Having determined ωm, we






mj + δjpωm] dξm (2.55)
We remark that the jump in displacement across the discontinuity is manifested in
the fact that the path must be taken to be directed ‘away from’ the discontinuity
in such a way that it does not intersect the surface.
A line integral representation for the stress field is obtained from (2.18) as






mj(ξ − x)dξm (2.56)
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and a weakly-singular, weak-form traction integral equation follows from (2.21). A
line integral representation for the energy associated with the presence of an array
of dislocation loops is also readily obtained. For purposes of discussion, assume now
that two dislocations are present, the first with edge ∂S1 and Burgers’ vector b1i and
the second with edge ∂S2 and Burgers’ vector b2i . Toward developing an expression





kl be the stress fields induced by the first and second dislocation were it present
























in which the superscripts on the surfaces of integration and the unit normals serve
to indicate with which dislocation they are associated. Upon use of (2.56) and an










mj(ξ − y) dyt dξm (2.58)
We remark that the contributions arising from each dislocation in the expression
(2.56) can be combined to obtain this final simple form due to the fact that, in the
integral expressions where it occurs, Ctkmj(ξ − x) can be replaced with Cmjtk (x − ξ)
without altering the value of the integral (see Li and Mear (1998) for a discussion
of this result); indeed, the specific form of the kernel Ctkmj(x − ξ) to be obtained
above satisfies the equality Ctkmj(ξ − x) = Cmjtk (x − ξ). The self energy for each
dislocation has the exact same form as (2.58) except that the right hand side is to
be multiplied by 1/2 and, of course, both of the Burgers’ vectors and line integrals
which appear are taken to be those associated with the particular dislocation for
which an expression for the self energy is sought. Note also that, upon a proper
interpretation of terms, these expressions for energy follow directly from the weak-
form traction integral equation.
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2.2.2 Cracks in an unbounded domain
Consider a crack on which tractions ti ≡ t+i = −t−i are prescribed. What is
sought is the relative crack-face displacement ∆ui, and the weakly-singular weak-
form traction integral equation provides a basis for a numerical procedure to deter-
mine these quantities. The relative crack-face displacement must vanish along the
crack front, and consistent with this we chose the test function ∆ũi to also possess
this feature. Then the contribution from the line integral terms in (2.21) vanish and
the weak-form traction integral equation simplifies to
∫
S





Ctkmj(ξ − y) [Dt∆ũk(y)] [Dm∆uj(ξ)] dS(ξ)dS(y)
(2.59)
We emphasize that the kernel in this integral equation is weakly-singular (so that the
integrals exist in the ordinary sense and the crack displacement data need only be
continuous) and that it represents a symmetric weak-form equation for the unknown
crack-face displacements. Once these quantities are determined, other information
of interest (i.e. the displacement and stress field and, most importantly, the stress
intensity factors) can readily be found. A discussion of the use of this equation as
the basis for a computational procedure will be provided in the next chapter within
the context of the general strategy for treating cracks in a finite domain.
2.2.3 Additional discussion of the kernels
Relation to previously obtained kernels
It is evident from the representations (2.7) and (2.16) that the kernels Gpmj
and Ctkmj are not unique (also see Appendix C). Indeed, given a particular pair of




















mj are arbitrary, but for our purposes it
suffices to restrict attention to quantities which are a function of ζ = (ξ − x) and
which are homogeneous of degree λ = 0.
Now, for the special case of isotropy, Li and Mear [28] carried out a direct









in which ν is Poisson’s ratio. We remark that this kernel is identical to that appear-
ing in Burgers’ equation [10] for the displacement field induced by a dislocation. For
anisotropy, we are not aware of a solution for the kernel Gpmj in the form (2.33), but
a closely related result is given by Leibfried [27] in terms of a Fourier integral. We
also note that, when specialized to isotropy, the kernel given by (2.33) reduces to
(2.61) along with an additional term which can be expressed in the form ∂Lpj/∂ξm
(see Appendix E).










in which µ is the shear modulus. The first kernel obtained for isotropy appears
to be that of Blin [6] in his analysis of the interaction energy for dislocation loops
(also see Hirth and Lothe [24]). Blin’s kernel differs from (2.62) by terms of the
form ∂M tkj /∂ξm and ∂N
k
mj/∂ξt (see Appendix E) and, while the simplicity of (2.62)
may be preferable for numerical analysis, the two kernels are equivalent by (2.60).
We remark that other (equivalent) kernels have been obtained within the context
of integral equation representations for boundary value problems in isotropic linear
elasticity, and we note in particular the work of Nedelec [33] and Bonnet [8].
For anisotropy the only previously available explicit kernel seems to be that
developed by Lothe [31] in his analysis of the interaction energy for dislocation loops.
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Lothe’s kernel is given by











and in Appendix E it is demonstrated that the kernel given by (2.40) is in fact
equivalent to this kernel.
Properties of the kernels
We now focus attention on the specific kernel Gpmj given by (2.33) and the
specific kernel Ctkmj given by (2.40). Since it will appear in the integral equations
to be developed further below for a finite domain, we also discuss the displacement
fundamental solution. Noting that the tensor (z, z) is symmetric and that the
integrands in both (2.33) and (2.40) are even with respect to the components of z
which appear, we deduce that
Gpmj(ξ − y) = Gpmj(y − ξ)
Ctkmj(ξ − y) = Ctkmj(y − ξ) , Ctkmj(ξ − y) = Cmjtk (ξ − y)





Additional properties of interest for the kernels follow by a consideration of elastic
material symmetry.
For purposes of discussion, assume that the material has a plane of symmetry
and introduce a local cartesian coordinate system {ζ1,ζ2,ζ3} which has its origin at
the source point x and for which ζ1 = 0 defines the plane of material symmetry. Let
ξ be a given point and let ξ∗ be its ‘image’ obtained by a reflection across the plane
ζ1 = 0 as shown schematically in Figure 2.3. With r = (ξ−x) and r∗ = (ξ∗−x), we








Figure 2.3: Coordinate system {ζ1, ζ2, ζ3} with ζ1 = 0 corresponding to a plane of
material symmetry.





−1 , α = β = 1
1 , α = β = 2, 3
0 , α 6= β
(2.65)
We now introduce yet other local coordinate system {ζ̄1,ζ̄2,ζ̄3} which has its origin
at x and satisfies ζ̄1 = −ζ1, ζ̄2 = ζ2 and ζ̄3 = ζ3. Note that this is the left-handed
coordinate system which is obtained through a ‘reflection’ of the {ζi} system across
the plane ζ1 = 0.
Consider the kernel Gpmj and let its components relative to the {ζi} system be
denoted Gγαβ and its components relative to the {ζ̄i} system be denoted Ḡγαβ. From
the fact that ζ1 = 0 is a plane of material symmetry, we deduce the correspondence
Ḡγαβ(ξ
∗ − x) = Gγαβ(ξ − x) (2.66)
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and then upon a coordinate transformation (taking due account of the alternating
symbol which appears in Gpmj) we find
Gγαβ(ξ
∗ − x) = −δ∗αδδ∗βηδ∗γρḠρδη(ξ∗ − x)
= −δ∗αδδ∗βηδ∗γρGρδη(ξ − x) (2.67)
Similarly, we obtain
Cγδαβ(ξ
∗ − x) = δ∗αηδ∗βκδ∗γρδ∗δλCρληκ(ξ − x) (2.68)
and
Uβα (ξ
∗ − x) = δ∗αηδ∗βκUκη (ξ − x) (2.69)
The properties (2.64) and (2.67)-(2.69) play an important role in reducing the com-
putational effort involved in evaluating the kernels {U ji , Gpmj , Ctkmj}.
2.3 Cracks in a finite domain
Consider a finite body which contains an embedded or surface breaking
crack as shown schematically in Figure 2.4. The boundary of the domain which the
body occupies consists of an ‘ordinary’ boundary So and the crack surface S+c ∪
S−c . Consistent with the previous development for an isolated crack, attention is
restricted to cases in which body force is absent and for which the traction loading
on the crack is such that t+i = −t−i . Further, we let Sc ≡ S+c and, for convenience,
we introduce S = So ∪ Sc.





Upj (ξ − x) tj(ξ) dS(ξ)−
∫
S














uj(ξ) , ξ ∈ So
∆uj(ξ) , ξ ∈ Sc
(2.71)
has been introduced for convenience. From the expression for the displacement, we




Sjlk(ξ − x) tj(ξ) dS(ξ) +
∫
S
Σlkij (ξ − x) ni(ξ) vj(ξ) dS(ξ)
(2.72)
We seek a regularization of these integral expressions and, specifically, we seek a pair
of weakly-singular, weak-form displacement and traction integral equations which
form the basis of a symmetric Galerkin boundary element method analogous to that
developed for isotropy by Li et al. [29]. We note that if the boundary value problem
under consideration is one in which tractions are prescribed on the entire surface,
then a weak-form traction integral equation suffices to obtain a symmetric formu-
lation. However, when displacements are prescribed on a portion of the ordinary
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boundary a symmetric formulation can only be achieved by employing both a weak-
form traction integral equation and a weak-form displacement integral equation.
Consider first the displacement given by (2.70). Since the displacement fun-
damental solution is weakly-singular, only the term involving the stress fundamental
solution requires regularization. Such a regularization is readily achieved by employ-
ing the decomposition (2.4) and then integrating by parts over the entire surface via
Stokes’ theorem. After carrying out this process, the limit as x tends to a point on
















Upj (ξ − y)tj(ξ)dS(ξ) (2.73)
We remark that a limit in which x tends to a point on the crack surface can also be
treated (see (2.11) for the case of an isolated crack) but, owing to the fact that the
crack is subjected only to prescribed tractions, such an expression is not required for
establishing a symmetric formulation. Upon multiplying (2.73) by a test function t̃p
and integrating the result over the ordinary surface So, we obtain a weakly-singular,



























Upi (ξ − y)ti(ξ) dS(ξ) dS(y) (2.74)
Consider next the stress given by (2.72). To regularize this integral relation,
we utilize the decomposition (2.4) for the Cauchy-type singular kernel Sjlk and the
decomposition (2.14) for the strongly-singular kernel Σlkij , and then we carry out an
integration by parts vis Stokes’ theorem. The resulting singularity-reduced stress
relation is then used to form a traction integral equation for points y ∈ So ∪ Sc via
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a limiting process similar to that employed in the context of an isolated crack. The













lk(ξ − y)tj(ξ)dS(ξ) (2.75)
where c = 1/2 for y ∈ So whereas c = 1 for y ∈ Sc. Finally, a weak-form traction
































ũk(y) , y ∈ So
∆ũk(y) , y ∈ Sc
(2.77)
in which ũk and ∆ũk are test functions associated with So and Sc, respectively.
The weakly-singular, weak-form displacement integral equation (2.74) and
the weakly-singular, weak-form traction integral equation (2.76) represent a gen-
eralization to anisotropic materials of the work by Li and Mear [28] for isotropic
materials. These integral equations form a basis for the symmetric Galerkin bound-
ary element method to be developed in Chapter 3.
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Chapter 3
SGBEM for Analysis of
Fractures in 3D Anisotropic
Media
In this chapter, a symmetric Galerkin boundary element method (SGBEM)
is developed for the analysis of three-dimensional anisotropic, linearly elastic bodies
containing fractures. The formulation is based upon the weakly-singular, weak-
form displacement and traction integral equations developed in Chapter 2. An
important feature of the formulation is that it allows Co elements to be used, and
in the numerical implementation followed here standard isoparametric elements are
employed everywhere except along the crack front.
Along the crack front, a special crack-tip element is utilized which properly
captures the (asymptotic) behavior of the relative crack-face displacements. An im-
portant feature of this special crack tip element is that it contains degrees of freedom
associated with the nodes along the crack front, and these degrees of freedom corre-
spond, in essence, to the mixed-mode stress intensity factors. As a consequence, the
stress intensity factors are obtained directly from the solution of the governing dis-
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cretized equations without need for some type of indirect post-processing technique.
To demonstrate the accuracy and versatility of the method, various examples are
treated for cracks in an unbounded domain and for embedded and surface breaking
cracks in a finite domain.







So = St ∪ So
Figure 3.1: Schematic of an elastic body containing cracks.
Consider a homogeneous, anisotropic, linearly elastic body containing an em-
bedded or surface breaking crack as shown schematically in Figure 3.1. The bound-
ary of the domain is comprised of an ‘ordinary’ boundary So and the (geometrically
coincident) upper and lower crack surfaces S+c and S
−
c ; for our purposes it suffices
to consider the single crack surface Sc ≡ S+c and we refer to S = So ∪ Sc as the
‘total’ surface of the domain. The ordinary boundary So is partitioned into a por-
tion Su on which displacements are prescribed and a portion St on which tractions
are prescribed. As in Chapter 2, attention is restricted to cases in which body force
is absent and in which the loading on the crack surfaces is such that the traction
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applied to S+c is equal and opposite to that applied to S
−
c .
The weakly-singular, weak-form displacement and traction integral equations



























































uj(ξ) , ξ ∈ So





ũk(y) , y ∈ So








2 , y ∈ So
1 , y ∈ Sc
(3.4)
The weakly-singular kernels {Upi , Gpmj , Ctkmj} appearing in these integral equations
are given explicitly (for general anisotropy) by
U ji (ξ − y) = Kikjk (3.5)
Gpmj(ξ − y) = εabmEajdc Kpbdc (3.6)
Ctkmj(ξ − y) = Atkeomjdn Keond (3.7)
where Eijkl are the elastic moduli,











(z, z)−1ij zkzl ds(z) (3.9)
in which r = ||ξ− y||, (z, z)jk = ziEijklzl and the integral is to be evaluated over a
unit circle ‖z‖ = 1 on a plane normal to the vector r = (ξ − x). The quantity










To obtain a symmetric system of integral equations governing the boundary
value problem we proceed as follows. On the surface Su on which displacement data
is prescribed we employ the displacement integral equation (3.1) with t̃ = 0 on Su,
on the surface St on which traction data is prescribed we utilize the traction integral
equation (3.2) with ṽ = 0 on Su ∪ Sc and, finally, on crack surface Sc we use the
traction integral equation (3.2) with ṽ = 0 on Su ∪ St. The resulting formulation
can be expressed in the concise form
Auu(t̃, t) + But(t̃, u) + Buc(t̃, ∆u) = R1(t̃)
But(t, ũ) + Ctt(ũ, u) + Ctc(ũ, ∆u) = R2(ũ)
Buc(t, ∆ũ) + Cct(∆ũ,u) + Ccc(∆ũ,∆u) = R3(∆ũ)
(3.11)






























Ctkmj DmY j(ξ) dS(ξ) dS(y) (3.14)
and the linear operators R1,R2 and R3 are given (in terms of the prescribed dis-
placement and traction data) by
R1(t̃) = Fu(t̃, u)− Buu(t̃, u)−Aut(t̃, t) (3.15)
R2(ũ) = −Ft(ũ, t)− Ctu(ũ, u)− Btt(t, ũ) (3.16)
R3(∆ũ) = −2Fc(∆ũ, t)− Ccu(∆ũ, u)− Btc(t, ∆ũ) (3.17)
with
FP (X,Y ) = 12
∫
SP
Xi(y) Y i(y) dS(y) (3.18)
Note that (owing to the properties of the kernels discussed in Chapter 2)
Apq(X,Y ) = Aqp(Y ,X) (3.19)
Cpq(X,Y ) = Cqp(Y ,X) (3.20)
hence the formulation (3.11) is in fact in a symmetric form. Finally, note that for
the special case of a crack in an unbounded domain the formulation reduces to
Ccc(∆ũ, ∆u) = −2Fc(∆ũ, t) (3.21)
3.2 Numerical Implementation
3.2.1 Discretization
A Galerkin strategy is adopted to construct an approximate solution to
the system of integral equations (3.11). The total surface of the domain, including
the ordinary boundary So = Su ∪ St and the crack surface Sc, is discretized using
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standard two dimensional isoparametric Co elements everywhere except along the
crack front; along the crack front, a special crack tip element is utilized as discussed
further below.
In the context of the discretization, we introduce trial and test functions
u = ΦTt U , ũ = Φ
T
t Ũ on St (3.22)
∆u = ΦTc ∆U , ∆ũ = Φ
T
c ∆Ũ on Sc (3.23)
t = ΦTu T , t̃ = Φ
T
u T̃ on Su (3.24)
in which, with Q ∈ {u, t, c}, ΦQ is a column vector of nodal basis functions associated
with SQ, ΦTQ denotes the transpose of ΦQ, and {U ,T , ∆U} and {Ũ , T̃ ,∆Ũ} are
column vectors of nodal quantities.
Employing (3.22)-(3.24) we obtain a discrete form of (3.11) which, upon ex-

























where the sub-matrices APQ, BPQ and CPQ (with P , Q ∈ {u, t, c}) correspond to
the integral operators APQ,BPQ, CPQ, and where the column vectors R1, R2 and R3
correspond to the integral operators R1, R2, R3.
Note that Auu is symmetric and positive definite whereas Ctt and Ccc are
symmetric and negative definite, so that in general the system of linear equations
(3.25) has a symmetric, non-definite coefficient matrix. Note also that for a pure
traction boundary value problem the coefficient matrix is strictly negative definite
(once the problem has been properly constrained to eliminate rigid body motion).
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3.2.2 Evaluation of sub-matrices
Evaluation of the sub-matrices APQ, BPQ and CPQ appearing in (3.25)
requires a double surface integration involving a weakly-singular kernel. To do this
effectively necessitates that the kernels {U ji , Gpmj , Ctkmj} be computed efficiently and
that an accurate numerical integration strategy be adopted to perform the surface
integrals.
Treatment of the kernels
The kernels {U ji , Gpmj , Ctkmj} are defined in terms of a line integral over a
unit circle ‖z‖ = 1 on a plane normal to the vector r (see equation (3.9)). Were
this line integral computed independently for every source point x and field point ξ
arising in the numerical evaluation of the sub-matrices, the resulting computational
time would be excessive. For this reason, we introduce an interpolation strategy to
approximate these kernels to (arbitrary) specified accuracy.
Toward developing such an interpolation strategy, let {r, θ, φ} be a spherical
coordinate system which has its origin at ξ and for which θ ∈ [0, 2π] and φ ∈ [0, π].
Then the quantity Kikjl defined by (3.9) can be expressed in the form
Kikjl (ξ − x) =
1
r
K̄ikjl (θ, φ) (3.26)
in which the ‘angular function’ K̄ikjl (θ, φ) is given by





(z,z)−1ij zkzl ds(z) (3.27)
The function K̄ikjl is to be interpolated over [0, 2π]× [0, π], and to do so we introduce
a two dimensional grid obtained by discretizing the intervals [0, 2π] and [0, π] into
sub-intervals. Let θ(i) (for i = 1, 2, ..., Nθ) be nodal points on [0, 2π] and let φ(i) (for
i = 1, 2, ..., Nφ) be nodal points on [0, π]. The approximation of K̄ikjl is then given
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by





K̄ikjl (θ(i), φ(j))ϕij(θ, φ) (3.28)
in which ϕij(θ, φ) are basis functions associated with nodal points (θ(i), φ(j)), and
where K̄ikjl (θ(i), φ(j)) are nodal values obtained by evaluating (3.27). We remark that
while the interpolation strategy has been illustrated for the quantity K̄ikjl , it can be
utilized separately for each of the three kernels {U ji , Gpmj , Ctkmj}.
By employing the properties of the kernels given by (2.64) and (2.67)-(2.69),
the domain used for constructing the approximation can be significantly reduced.
The minimum domains that are required for various specific types of anisotropy
are summarized in Table 3.1. Note that the angular coordinates appearing in the
table are for a spherical coordinate system which is associated with the local frame
used to develop (2.67)-(2.69). Also note that the values of the kernels for angular
coordinates outside the minimum domains are readily obtained using the properties
of the kernels.
Materials φ θ
Cubic [0, π/4] [0, π/4]
Transversely isotropic [0, π/2] [0, π/4]
Orthotropic [0, π/2] [0, π/2]
Monoclinic [0, π/2] [0, π]
General anisotropic [0, π/2] [0, 2π]
Table 3.1: Minimum region of interpolation for different material symmetries.
For the numerical examples to be presented below, the following specific
interpolation strategy has been followed. The intervals associated with the par-
titioning of the angular coordinates are taken to be uniform, standard quadratic
interpolants are employed over the resulting grid, and the nodal values of the ker-
nels are obtained by using gaussian quadrature to evaluate the loop integral. The
number of subregions and the order of the gaussian quadrature are chosen to ensure
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that interpolated values of the kernels are highly accurate (such that any error asso-
ciated with evaluating the kernels has an insignificant effect upon the final numerical
solution of the boundary valued problem).
Double surface integration
Since the kernels are weakly-singular, all the surface integrals exist in the ordi-
nary sense. Nonetheless, a special numerical treatment is required to efficiently and
accurately evaluate these integrals due to the fact that, when the integration involves
neighboring pairs of elements, the integrands are ‘nearly-singular’. To perform the
integrations we adopt the numerical integration scheme used by Li et al. [29] in
their development of a SGBEM for isotropy. Details of the integration technique
are given by Xiao [45].
3.2.3 Special crack tip element
For a crack in a linearly elastic, anisotropic solid, the relative crack-face
displacement in the neighborhood of the crack front exhibits a square-root behavior
(e.g. [1], [41]). To account for this behavior, we adopt the crack tip element originally
introduced by Li et al. [29] for isotropy. With reference to the ‘master crack-tip
element’ indicated in Figure 3.2, we take the crack front to lie along η = −1 and we







ψ(i)(ξ, η) (no sum on i) (3.29)






1 + η(i) for η(i) 6= −1





(-1, 1) (1, 1)
Figure 3.2: Master element corresponding to special crack tip elements where η = −1
is associated with the crack front.
in which (ξ(i), η(i)) are the coordinates of the ith node. The relative crack-face









where Ne denotes the number of nodes on the element and u(i) are nodal quantities.
Note that, for nodes which are not on the crack front, u(i) corresponds directly to
the nodal value of the relative crack-face displacement. However, for nodes which
are on the crack front u(i) is associated with the gradient of the relative crack-face
displacement; this feature will be discussed further below in the context of the stress
intensity factors.
We remark in passing that when the crack front intersect the ordinary bound-
ary (i.e. the case of a surface breaking crack) the crack tip element, as well as the
elements on the ordinary boundary adjacent to the crack tip element, must be mod-
ified to maintain compatibility of the displacement data. The treatment of such
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surface breaking cracks follows the work of Li et al. [29].














Figure 3.3: Local coordinate system used in determining the stress intensity factors.
Consider a point xc which is on the crack front, and at this point introduce
a local cartesian coordinate system {x1, x2, x3} with unit base vector {e1, e2, e3}
as indicated in Figure 3.3. The unit vector e1 is taken to lie in the plane defined
by the crack surface local to xc, e3 is taken to be directed tangent to the crack
front at xc, and e2 follows from the right-handed rule. For an anisotropic solid, the
stress intensity factors at xc can then be expressed in terms of the relative crack-face

















(a, b)km(b, b)−1mn(b,a)nl − (a,a)kl
]
dφ. (3.32)
where a and b are orthonormal vectors contained in the plane x3 = 0, φ is the
angle between a and e1 indicated in Figure 3.3, and (a, b)ij = amEimnjbn in which
Eimnj are the elastic moduli. We emphasize that the components of all quantities
appearing in the expressions above are relative to the local coordinate system {xi}.
Let (ξc,−1) denote the coordinates on the master element corresponding
to the point xc in physical space. Forming a Taylor series expansion of ψ(i)(ξ, η)
about this point, we find from (3.30) that the relative crack-face displacement in













being a constant (which, since ψ(i)(ξc,−1) = 0 for nodes not on the crack front, only
involves data associated with nodes on the crack front). To proceed, let r∗(ξ, η) =
x(ξ, η) − xc be the (relative) position vector to points on the crack surface in the
vicinity of xc, and note that the Taylor series expansion of this vector about (ξc,−1)
is given to the first order by



























Then forming x1 = r∗ · e1 (and noting that eξ = −e3) it follows that
1 + η = − x1
J2 sinβ
(3.38)
where β is the angle indicated in Figure 3.3 which satisfies sinβ = −eη · e1. Using





uo(xc) +O(ξ − ξc) +O(η + 1)
]
(3.39)
Finally, combining (3.39) with (3.31) and forming the limit x → xc (i.e. ξ → ξc and










Note that the stress intensity factors are given directly in terms of the special degrees
of freedom associated with the nodes along the crack front. We remark that for the
numerical results to follow, a nine-node crack tip element (based upon a standard
quadratic element) is utilized.
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3.3 Numerical results
To demonstrate the capabilities of the SGBEM for stress analysis of cracks,
we now treat various example problems including ones for cracks in an unbounded
domain and ones for embedded and surface breaking cracks in a finite domain. Four
different types of materials are considered: an isotropic material (with Poisson’s ratio
ν = 0.3 unless stated otherwise), barium titanate, zinc and a graphite-reinforced
composite. The latter three are transversely isotropic materials and the elastic
constants which characterize them are given in Table 3.2. Note that barium titanate
is only mildly anisotropic whereas zinc and the graphite-reinforced composite exhibit
a high degree of anisotropy. Indeed, note that for zinc the modulus along the axis
of elastic symmetry is about one-third that for the plane of isotropy, whereas for
the graphite-reinforced composite the modulus along the axis of symmetry is about
ten-times that for the plane of isotropy. These materials have been selected since
they represent (transversely) anisotropic materials which have very different material
response.
Materials E1111 E1122 E1133 E3333 E1313
Barium titanate 16.80 7.80 7.10 18.90 5.46
Zinc 16.09 3.35 5.01 6.10 3.83
Graphite composite 2.130 1.013 0.808 20.996 0.587
Table 3.2: Elastic constants for barium titanate, zinc and a graphite-reinforced com-


















Figure 3.4: An elliptical crack subjected to three types of loading: (a) uniform
remote tension σo in x3-direction, (b) uniform shear traction τo applied to both
crack surfaces and (c) uniform pressure po applied to both crack surfaces.
3.3.1 Elliptical Crack in unbounded domain
Consider an elliptical crack in an unbounded domain as indicated in Figure 3.4.
The major and minor semi-axes of the crack are denoted a and b, respectively, and
we note that a = b corresponds to a penny-shaped crack. The material in which
the crack is embedded is taken to be transversely isotropic with the axis of mate-
rial symmetry along the x3 coordinate direction, and the three loading conditions
indicated in the figure are considered.
The numerical results to be presented below are obtained utilizing the meshes
depicted in Figure 3.5. The meshes shown are for a penny-shaped crack; those
used to treat an elliptical crack are obtained from these by means of an affine
transformation (i.e. a simple ‘stretching’). Results for the stress intensity factors
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along the crack front are given in terms of the angle θ which is defined such that
x1 = a cos θ , x2 = b sin θ , x3 = 0 ; θ ∈ [0, 2π] (3.41)
Remote tension
We consider first the case indicated in 3.4(a) which is that for uniform
remote tension applied in the direction of the axis of material symmetry (i.e. in
the x3 coordinate direction) with the crack oriented such that it lies in the plane of
isotropy. We remark that for this case only the mode-I stress intensity factor KI
exists, and it can be shown that the stress intensity factor (as a function of position
on the crack front) is independent of the elastic constants [26]. Nonetheless, we
treat both zinc and barium titanate in order to ensure the validity of the SGBEM
implementation.
Numerical results for KI , along with the exact solution KexactI [26], are shown
in Figure 3.6 for crack aspect ratios a/b ∈ {1, 2, 3}. From the figure it is evident that
highly accurate results are obtained even for (the very course) Mesh 1 except in the
vicinity of θ ∈ {0o, 90o} where the numerical results deviate slightly from the exact
solution. To examine the quality of the results more carefully, the stress intensity
factors at θ ∈ {0o, 90o} are shown for zinc in Table 3.3; the corresponding results for
barium titanate are similar. Note that θ = 0o is the location where the minimum
value of the stress intensity factor occurs and θ = 90o is that where the maximum
value occurs [26]. We now focus attention on θ = 90o since this is where the error is
greatest for the coarse mesh, and we note that even for the aspect ratio a/b = 3 the
error in the calculated stress intensity factor is less than 2%. The fact that the error
tends to increase with increasing aspect ratio is not surprising since the meshes for
the elliptical cracks are obtained by simply ‘stretching’ the mesh originally designed
for a penny-shaped crack.
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Mesh 1 Mesh 2 Mesh 3
Figure 3.5: Meshes used in analysis of a penny-shaped crack (a = b). For elliptical
crack, meshes are obtained by simply stretching these meshes.


























Figure 3.6: Normalized mode-I stress intensity factor ( KI2σo
√
π
b ) for an elliptical crack
under uniform remote tension σo. Results are for (a) barium titanate and (b) zinc.
51
a/b = 1 a/b = 2 a/b = 3
Mesh θ = 0o, 90o θ = 0o θ = 90o θ = 0o θ = 90o
1 0.9913 0.9980 0.9865 1.0064 0.9839
2 0.9983 0.9989 0.9978 0.9995 0.9976
3 0.9999 1.0000 0.9998 1.0001 0.9998
Table 3.3: Normalized stress intensity factors, KI/KexactI , at θ ∈ {0o, 90o} for an
elliptical crack with aspect ratio a/b ∈ {1, 2, 3}. Loading is uniform remote tension
σo and the material is zinc.
Applied shear traction
Consider now an elliptical crack subjected to uniform shear traction τo as shown
in Figure 3.4(b). The orientation of the load applied to the upper crack surface is
designated by an angle β measured from the x1-axis as indicated in the figure. As
a consequence of the anti-symmetric nature of the loading, only the mode-II and
mode-III stress intensity factors {KII , KIII} are present. We note that an exact
solution is available for this boundary value problem [26], and numerical results
obtained using the three meshes will be contrasted with this exact solution. Results
have been obtained for all three transversely isotropic materials introduced above,
but since the results are all qualitatively similar (in terms of their accuracy) results
are only reported for zinc.
The mode-II and mode-III stress intensity factors are shown in Figure 3.7
for β = 45o and in Figure 3.8 for β = 90o. It is evident that the numerical results
are in excellent agreement with the analytical solution except that the coarse mesh
gives rise to small errors near the major and minor axes of the crack. For β = 90o,
numerical values of KII at θ = 90o and KIII at θ = 0o are presented in Table 3.4
for a/b ∈ {1, 3}. From the table, it is evident that highly accurate results (with the
error being a fraction of one percent) are obtained using Mesh 2 and Mesh 3. For
Mesh 1, the error in the results is about 1.5% for a penny-shaped crack and about
3% for an elliptical crack with a/b = 3.
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Figure 3.7: (a) Normalized mode-II and (b) normalized mode-III stress intensity
factors for an elliptical crack subjected to uniform shear traction with β = 45o.
Material is zinc.
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Figure 3.8: (a) Normalized mode-II and (b) normalized mode-III stress intensity
factors for an elliptical crack subjected to uniform shear traction with β = 90o.
Material is zinc.
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θ = 90o θ = 0o θ = 90o θ = 0o
1 0.9846 0.9886 0.9783 0.9694
2 0.9969 0.9991 0.9942 0.9993
3 0.9994 1.0004 0.9981 1.0003
Table 3.4: Stress intensity factors, normalized by the exact solution [26], for a penny-
shaped crack (a/b = 1) and an elliptical crack with a/b = 3. Loading is uniform
shear traction in the x2-direction (β = 90o) and the material is zinc.
Inclined crack under uniform pressure
To demonstrate the capability of the method to treat mixed-mode conditions
induced by material anisotropy, we consider a pressurized elliptical crack which
lies in a plane which does not coincide with the plane of material isotropy, Figure
3.4(c). The angle between the normal to the plane of the crack and the axis of
elastic symmetry is denoted by φ, and the applied uniform pressure is denoted by
po. Here we treat the single crack orientation φ = 45o, and we again adopt the three
meshes shown in Figure 3.5. We remark that an exact solution to this boundary
value problem is not available.
The stress intensity factors, as a function of angular position θ along the
crack front, are shown in Figure 3.9 for zinc and in Figure 3.10 for a graphite-
reinforced composite. The agreement between the solutions obtained from each
mesh indicates good convergence, high accuracy and only slight mesh dependence.
We remark that were the material isotropic, the problem would be strictly mode-I.
For the transversely isotropic materials treated, the material anisotropy gives rise
to mixed-mode condition and, in fact, the mode-II and mode-III stress intensity
factors are of the same order as the mode-I stress intensity factor.
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Figure 3.9: Normalized mode-I, mode-II and mode-III stress intensity factors for
an elliptical crack under uniform pressure po. Numerical results are for (a) penny-
shaped crack and an (b) elliptical crack with a/b = 3 embedded in zinc with φ = 45o.
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Figure 3.10: Normalized mode-I, mode-II and mode-III stress intensity factors for
an elliptical crack under uniform pressure po. Numerical results are for (a) penny-
shaped crack and an (b) elliptical crack with a/b = 3 embedded in a graphite-
reinforced composite with φ = 45o.
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3.3.2 Cracks in a finite domain
To demonstrate the capability of the method for stress analysis of cracks
in a finite domain, we consider several problems involving both embedded and sur-
face breaking cracks. Mixed-mode conditions induced by both applied loading and
material anisotropy are treated.
Penny shaped crack in a cylinder
Consider a solid circular cylinder of radius R and length 2L which contains a
penny-shaped crack of radius a as shown in Figure 3.11(a). Uniform normal traction
σo and torque To applied at the ends of the cylinder are considered, and the material













Figure 3.11: (a) Schematic of a penny-shaped crack embedded in a cylinder, (b)
Meshes for a penny-shaped crack in a cylinder with a/R = 0.5 and L/R = 4.
Meshes for a crack are shown below those for the boundary.
58
an angle φ relative to the axis of the cylinder. Two transversely isotropic materials,
zinc and a graphite-reinforced composite, are treated and the dimensions of the
problem are taken such that a/R = 0.5 and L/R = 4. The three meshes shown in
Figure 3.11(b) are employed to obtain the numerical results.
We treat first the pure mode-I problem in which applied uniform normal
traction σo is applied at the ends of the cylinder and for which the axis of elastic
symmetry coincides with the axis of the cylinder (i.e. φ = 0). The stress intensity
factors obtained for each mesh are shown in Table 3.5 where the values are nor-
malized by a reference stress intensity factor which is that obtained from Mesh 3
(KrefI = 0.6978
√




πa σo for a graphite-reinforced
composite). Next, we consider the cylinder subjected to torque To at both ends and
we note that this loading gives rise to a pure mode-III problem. The numerical
results, normalized by KrefIII = 0.2148
√





for a graphite-reinforced composite in which τo = 2To/πR3, are given in Table 3.6.
From these two sets of results, it is evident that the computed stress intensity fac-
tors for Mesh 1 and Mesh 2 are in good agreement with that for Mesh 3 (within
about 0.5% for Mesh 2, and about 1% for Mesh 1 except for the case of zinc with
uniform normal traction in which the difference is about 2.5%). Note also that the
stress intensity factor for torsion loading seems to exhibit no dependence upon the
material properties.
Finally, we treat the fully mixed-mode problem which is introduced by the
application of uniform normal traction σo at both ends of the cylinder with a mis-
alignment between the axis of elastic symmetry and the axis of the cylinder (φ 6= 0).
All stress intensity factors {KI ,KII ,KIII} are introduced and their numerical val-
ues, as a function of an angular position θ measured from x1 axis, are presented for
φ ∈ {30o, 60o} in Figure 3.12 for zinc and in Figure 3.13 for a graphite-reinforced
composite. Note that only the mode-I stress intensity factor is present if an isotropic
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material is considered and the result (with ν = 0.3) obtained from Mesh 3 is in-
cluded in those plots for comparison. We conclude from these results that numerical
solutions exhibit good convergence and only a few degrees of freedom are required to
obtain accurate results. In addition, we remark that for this particular problem the
orientation of the axis of elastic symmetry gives rise to mixed-mode stress intensity








Table 3.5: Stress intensity factor for a penny-shaped crack in a cylinder subjected









Table 3.6: Stress intensity factor for a penny-shaped crack in a cylinder subjected
to torque To at the ends. Numerical results are for zinc and a graphite-reinforced
composite.
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Figure 3.12: Normalized mode-I, mode-II and mode-III stress intensity factors for
a penny-shaped crack in a cylinder under uniform normal traction σo at the ends.
Numerical results are for zinc and for two material orientations (a) φ = 30o and (b)
φ = 60o. For isotropic material, KI is obtained from Mesh 3.
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Figure 3.13: Normalized mode-I, mode-II and mode-III stress intensity factors for
a penny-shaped crack in a cylinder under uniform normal traction σo at the ends.
Numerical results are for a graphite-reinforced composite and for two material ori-
entations (a) φ = 30o and (b) φ = 60o. For isotropic material, KI is obtained from
Mesh 3.
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Circumferential crack in a cylinder
Consider a solid circular cylinder of radius R and length 2L which contains a
circumferential crack of depth a as shown in Figure 3.14(a). The cylinder is made
from transversely isotropic material where the angle between the axis of elastic sym-
metry and the axis of the cylinder is denoted by φ. In the analysis, dimensions of
the problem are such that a/R = 0.5 and L/R = 4 and three meshes utilized are
adopted as shown in Figure 3.14(b). Similar to previous example, two types of load-









Mesh 1 Mesh 2 Mesh 3
(a) (b)
Figure 3.14: (a) Schematic of a circumferential crack in a cylinder, (b) Meshes for
circumferential crack in a cylinder with a/R = 0.5 and L/R = 4. Mesh for crack is
shown below that for boundary.
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First, we treat the case that the axis of elastic symmetry is coincide with the
axis of the cylinder and, as a consequence, the applied normal traction and applied
torque give rise to pure mode-I and mode-III stress intensity factors, respectively.
Two sets of numerical results associated with each type of loading and two materials
considered (zinc and a graphite-reinforced composite) are presented in Table 3.7
and Table 3.8 where values are normalized by that obtained from Mesh 3. It can be
concluded from these results that the stress intensity factors obtained for each mesh
show excellent agreement with each other; specifically by comparing with the results
from Mesh 3, the difference is less than 0.6% for Mesh 2 and 1.5% for Mesh 1. Similar
to the previous example, it is observed that the pure mode-III stress intensity factor
(associated with applied torque To) obtained for Mesh 3 is independent of material
properties.
Next, we treat the fully mixed-mode problem which is introduced by the
application of uniform normal traction σo at both ends of the cylinder and the mis-
alignment between the axis of elastic symmetry and the axis of the cylinder (φ 6= 0).
The distribution of normalized stress intensity factors are obtained for three meshes
and presented in Figure 3.15 for zinc and in Figure 3.16 for a graphite-reinforced
composite. The pure mode-I stress intensity factor for an isotropic material with
ν = 0.3 is also included for comparison. An excellent agreement between the nu-
merical results for each mesh and slight mesh dependence are observed. We remark
also that material anisotropy plays an important role for this particular problem









Table 3.7: Stress intensity factor for a circumferential crack in a cylinder subjected
to uniform normal traction σo at the ends. Results are for zinc and a graphite-
reinforced composite where the values are normalized by that obtained from Mesh 3
(KrefI = 1.9753
√













Table 3.8: Stress intensity factor for a circumferential crack in a cylinder subjected to
torque To at the ends. Results are for zinc and a graphite-reinforced composite where
the values are normalized by that obtained from Mesh 3 (KrefIII = 2.9809
√
πa τo,




πa τo for a graphite-reinforced composite).
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Figure 3.15: Normalized mode-I, mode-II and mode-III stress intensity factors for
a circumferential crack in a cylinder under uniform normal traction σo at the ends.
Numerical results are for zinc and for two material orientations (a) φ = 30o and (b)
φ = 60o. For isotropic material, KI is obtained from Mesh 3.
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Figure 3.16: Normalized mode-I, mode-II and mode-III stress intensity factors for
a circumferential crack in a cylinder under uniform normal traction σo at the ends.
Numerical results are for a graphite-reinforced composite and for two material ori-
entations (a) φ = 30o and (b) φ = 60o. For isotropic material, KI is obtained from
mesh 3.
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Through crack in a plate
Consider a rectangular plate of length 2L, width W and thickness t which
contains a through crack of length 2a as shown in Figure 3.17(a). The plate is
subjected to a uniform normal traction σo at both ends and it is made from a
transversely isotropic material where its axis of elastic symmetry directs along the
loading direction. In the analysis, the geometry of the plate are taken such that
L/W = 1.0, W/t = 4 and W/a = 4, two materials, zinc and a graphite-reinforced
composite, are treated and three meshes are adopted as shown in Figure 3.17(b).
While the loading considered introduces the pure mode-I stress intensity factor, the






t Mesh 1 Mesh 2 Mesh 3
(a) (b)
Figure 3.17: (a) Schematic of a rectangular plate containing a through crack, (b)
Meshes used in the analysis which satisfy L/W = 1.0, W/t = 4 and W/a = 4.
Meshes for a crack are shown below those for the boundary.
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The computed stress intensity factors at the center of the crack front are
reported in Table 3.9 for both zinc and a graphite-reinforced composite. The nu-
merical values are normalized by the result obtained from Mesh 3 which is given by
Krefmid = 1.3242
√




πa σo for a graphite-reinforced
composite. The distribution of KI , as a function of an arc length s along the crack
front measured from the center of the plate, are presented in Figure 3.18 for these
two materials. To examine the effect of material anisotropy on values of the stress
intensity factor, the result for an isotropic material with ν = 0.3 is obtained for
Mesh 3 and included in the plot.
The good agreement between results obtained for each mesh indicates that
the results are very accurate especially in the central region of the crack (less than
1% difference for Mesh 1 and 0.2% for Mesh 2 at the center of the crack front). The
higher discrepancy of the results for each mesh is observed in the region near the
surface breaking points where the order of singularity is not a square root. Based
upon obtained results in which the stress intensity factor tends to zero as the surface
breaking point is approached, it suggests that the order of singularity is less than








Table 3.9: Stress intensity factor at the center of the crack front for a through crack
in plate subjected to uniform normal traction at the ends. Numerical results are for
zinc and a graphite-reinforced composite.
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Figure 3.18: Normalized mode-I stress intensity factor for a through crack in a plate
subjected to uniform normal traction σo at the ends. Numerical results are for
zinc, a graphite-reinforced composite and an isotropic material. The result for the
isotropic material is shown for mesh 3.
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Quarter elliptical cracks at circular hole in thin plate
We consider next a rectangular thin plate containing a circular hole of radius
R at the center. Quarter-elliptic surface breaking cracks are present at the hole as
shown schematically in Figure 3.19. The dimensions used in the analysis are such
that a/t = 0.2, a/c = 0.8, R/t = 2, R/W = 0.2 and H/W = 2 which are the
same as those used by Xiao [45]. Three materials including an isotropic material













Figure 3.19: Schematic of quarter-elliptic cracks at a circular hole in a rectangular
plate with R/t = 2, a/t = 0.2, a/c = 0.8, R/W = 0.2 and H/W = 2.
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elastic symmetry for the last two materials is taken to direct along the Z axis. The
plate is loaded by a uniform normal traction σo at both ends while other surfaces are
traction free. By exploiting the symmetry of the geometry and loading about the
plane Y = 0 and the material symmetry, only half of the problem (Y ≥ 0) is used
for modeling the plate with appropriate treatment of boundary conditions. This
particular loading gives rise to a pure mode-I problem where the stress intensity
factor varies along the crack front.
Three meshes associated with the reduced domain adopted by Xiao [45] as
shown schematically in Figure 3.20, 3.21 and 3.22 are employed to obtain numerical
solutions. The normalized mode-I stress intensity factor obtained for each mesh is
plotted as a function of an angular position θ in Figure 3.23 for three materials
considered. The excellent agreement between the numerical solutions for each mesh
is observed. In addition, the presence of material anisotropy significantly changes
(a)
(b)
Figure 3.20: (a) Coarse mesh for plate with hole containing quarter-elliptic corner




Figure 3.21: (a) Intermediate mesh for plate with hole containing quarter-elliptic
corner cracks. (b) Details of mesh for region near the crack, and mesh for the crack.
(a)
(b)
Figure 3.22: (a) Fine mesh for plate with hole containing quarter-elliptic corner
cracks. (b) Details of mesh for region near the crack, and mesh for the crack.
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the stress intensity factor from that for isotropy especially for the case that the
plate is made from a graphite-reinforced composite. For special case of isotropy, the
comparison of the results obtained from the SGBEM and other methods was given
by Bakuckas [3].

















Figure 3.23: Normalized mode-I stress intensity factor for quarter-elliptic cracks at
a circular hole in a rectangular plate subjected to uniform normal traction σo at
the ends. The results are for zinc, a graphite-reinforced composite and isotropic
material where the result for isotropic case is shown for Mesh 3.
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Edge cracked bar
Consider a rectangular bar which contains a through-the-thickness surface
breaking crack as shown schematically in Figure 3.24. The bar is made from a
transverse isotropic material with its axis of material symmetry perpendicular to
the plane of the crack and for this particular problem, both zinc and a graphite-
reinforced composite are considered. The bar is subjected to two types of loading,
one of which is for uniform normal traction σo applied at top and bottom surfaces
of the bar as shown in Figure 3.24(b) while the other is for uniform shear traction τo
applied on the top surface with the bottom surface rigidly fixed as shown in Figure
3.24(c). The geometry of the bar and the crack is taken to be w/t = 1.5, h/t = 0.875
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Figure 3.24: (a) Geometry of an edge cracked rectangular bar. (b) Edge cracked
rectangular bar subjected to uniform normal traction σo at both ends. (c) Edge
cracked bar under uniform shear traction τo at the top with the bottom rigidly
fixed.
75
Mesh 1 Mesh 2 Mesh 3
Figure 3.25: Meshes for an edge cracked bar with h/t = 0.875, a/t = 0.5 and
w/t = 1.5. Meshes for crack are shown below those for the regular boundary.
The first type of loading gives rise to a pure mode-I problem and the stress
intensity factor along the crack front, as a function of an arc length s measured from
the center of the bar, is shown in Figure 3.26(a) for zinc and a graphite-reinforced
composite. For second type of loading, fully mixed-mode stress intensity factors
are introduced and vary along the crack front. Numerical results for this case are
shown in Figure 3.26(b) for mode-I and in Figure 3.27 for mode-II and mode-III. The
result for isotropic material with ν = 1/3 (obtained from Mesh 3) is also included for
comparison. Despite the region near the surface breaking points, the results obtained
for each mesh show a good convergence and note that the coarse mesh (Mesh 1)
accurately captures the distribution of stress intensity factors for both pure mode-I
and mixed-mode problems. Also note that material anisotropy significantly changes
the distribution of mode-II and mode-III stress intensity factors and their behavior
in the region near the surface breaking points while slight change of the behavior is
observed for mode-I. For isotropy, the comparison among the results obtained from
the SGBEM and other methods is available in [40].
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Figure 3.26: Normalized mode-I stress intensity factor for an edge cracked bar con-
taining a through crack and subjected to (a) uniform normal traction σo at the ends
and (b) uniform shear traction τo at the top with the bottom rigidly fixed. Results
are for both zinc, a graphite-reinforced composite and an isotropic material. The
result for isotropic case is shown for Mesh 3.
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Figure 3.27: (a) Normalized mode-II and (b) normalized mode-III stress intensity
factors for an edge cracked bar containing a through crack and subjected to a uniform
shear traction τo at the top with the bottom rigidly fixed. Numerical results are
for zinc, a graphite-reinforced composite and an isotropic material. The result for
isotropic case is shown for Mesh 3.
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A square bar with a quarter-circle crack
As a final example, consider a square bar containing a quarter-circle, surface
breaking crack as illustrated in Figure 3.28(a). The bar is made from a transversely
isotropic material with its axis of elastic symmetry coincide with the axis of the
bar, and the dimensions of the bar and the crack used in the analysis are such that
L/W = 4 and a/W = 0.5. Three types of loading are treated as shown in Figure
3.28(b) for uniform normal traction σo applied at both ends, in Figure 3.28(c) for
linearly varying normal traction associated with moment Mo applied at both ends
and in Figure 3.28(d) for uniform shear traction τo applied at one end with the other
end fixed, and we adopt three meshes as shown in Figure 3.29 for determining the
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(a) (b) (c) (d)
θ
Figure 3.28: (a) Geometry of a square bar containing a quarter-circle crack. (b)
Square cracked bar subjected to uniform normal traction at the ends. (c) Square
cracked bare subjected to bending moment at the ends. (d) Square cracked bar
subjected to uniform shear traction at one end with the other end rigidly fixed.
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Mesh 1 Mesh 3Mesh 2
Figure 3.29: Meshes for square bar containing quarter-circle crack (L/W = 4,
a/W = 0.5). Meshes for a crack are shown below those for the regular bound-
ary.
While the first two loadings give rise to a pure mode-I problem, the stress
intensity factor varies along the crack front. The numerical results are computed for
both zinc and a graphite-reinforced composite and are presented in Figure 3.30(a)
for applied uniform normal traction σo and in 3.30(b) for applied end moment Mo.
For the third loading, the problem is fully mixed-mode and it gives rise to all three
stress intensity factors. The distribution of the stress intensity factors are obtained
and plotted in Figure 3.31 for mode-I and in Figure 3.32 for mode-II and mode-
III. Note that the result for an isotropic material obtained for Mesh 3 (ν = 0.3)
is included in each plot for comparison. Based upon obtained results, numerical
solutions indicate good convergence for both pure mode-I and fully mixed-mode
problems and, in particular, the accurate distribution of the stress intensity factors
can be obtained using a relatively coarse mesh except in the region close to surface
breaking points. It is also important to remark that material anisotropy significantly
affects the distribution and the behavior at surface breaking points of mode-II and
-III stress intensity factors as indicated in Figure 3.32.
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Figure 3.30: Normalized mode-I stress intensity factor for a square bar containing a
quarter-circle crack and subjected to (a) uniform normal traction σo and (b) bending
moment Mo at the ends where σm = 6Mo/W 3. Numerical results are for zinc, a
graphite-reinforced composite and an isotropic material. The result for isotropic
case is shown for Mesh 3.
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Figure 3.31: Normalized mode-I stress intensity factor for a square bar containing a
quarter-crack and subjected to uniform shear traction τo at one end with the other
end fixed. Numerical results are for zinc, a graphite-reinforced composite and an
isotropic material. The result for isotropic case is shown for Mesh 3.
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Figure 3.32: (a) Normalized mode-II and (b) normalized mode-III stress intensity
factors for a square bar containing a quarter-circle crack and subjected to a uniform
shear traction τo at one end with the other end fixed. Numerical results are for zinc,
a graphite-reinforced composite and an isotropic material. The result for isotropic
case is shown for Mesh 3.
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3.4 Summary
A symmetric Galerkin boundary element method (SGBEM), based upon a pair
of the weakly-singular weak-form displacement and traction integral equations, has
been developed for analysis of fractures in three dimensional anisotropic, linearly
elastic solids. The method is applicable for treating cracks in both an unbounded
domain and a finite domain where the latter involves both an embedded crack and
a surface breaking crack. The resulting symmetric integral equations governing the
boundary valued problem contain only weakly-singular kernels (of order 1/r) which
allows the application of standard Co elements in the numerical implementation.
The important feature of the method is that it utilizes a special crack tip element to
accurately model the relative crack-face displacement in the region near the crack
front. The use of this crack tip element allows the mixed-mode stress intensity
factors to be efficiently determined as a function of position along the crack front. In
addition, the method employs an efficient algorithm, based upon the interpolation
technique and material symmetry, to evaluate values of the kernels, for general
anisotropy, appearing in the integrals equation.
Several numerical examples including cracks in an unbounded domain and a
finite domain are solved to demonstrate the modeling capability and accuracy of the
method. It has been found that numerical solutions exhibit slight mesh dependence
and, as a consequence, the highly accurate (mixed-mode) stress intensity factors can
be determined with a relatively coarse mesh. The presence of material anisotropy
show significant effect on both the magnitude and distribution of the stress intensity
factors along the crack front in comparison with those for isotropic cases. In addi-
tion, it has been observed that for a simple loading which gives rise to pure mode-I
and mode-III problems for isotropic case, the presence of material anisotropy can
introduce a fully mixed-mode problem with all the stress intensity factors are of the
same order of magnitude. Finally, we remark that while the SGBEM provides an
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accurate means for linear fracture analysis, the method possesses limitation in mod-
eling complex structures where the large number of degrees of freedom is required
to properly model the problems.
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Chapter 4
Coupling of SGBEM and FEM
for Analysis of Fractures in 3D
Anisotropic Media
The strength of the symmetric Galerkin boundary element method devel-
oped in the previous chapter is that it provides a means to obtain highly accurate
mixed-mode stress intensity factor data for three-dimensional fracture problems. In
principle the method can be utilized to model structural components which have
arbitrarily complex geometric features (or which otherwise require a large number
of degrees of freedom to be modeled properly) but, as with other boundary element
methods, the computational time tends to increase rapidly with increasing problem
size. The method does possess the desirable feature that the coefficient matrix is
symmetric, but nonetheless this matrix is dense and each of its entries must be com-
puted by means of a double surface integration involving a weakly-singular kernel.
To obtain a computational procedure which retains the advantages of the
SGBEM for fracture modeling while at the same time allowing complicated struc-
tural components to be modeled efficiently, we now pursue a coupling of the bound-
86
ary element procedure with the standard finite element method (FEM). In this
coupling, we seek to utilize the SGBEM only for treatment of the crack and a region
immediately surrounding the crack, while employing standard FEM techniques to
model the remaining (possibly very complex) structure. Partitioning the domain
into a region to be modeled with the SGBEM and a region to be modeling with the
FEM gives rise, naturally, to a need to consider continuity of the field variables across
the interface separating these regions, and here continuity of the tractions and the
displacements across the interface is enforced in a weak sense. This weak enforce-
ment of continuity allows for separate (non-conforming) meshing on the boundary
element and finite element regions and includes, as a special case, discretizations for
which the meshes on the interface conform.
We begin with a formulation of the boundary value problem with the weakly-
singular, weak-form integral equations developed in Chapter 2 applied to the sub-
region containing the crack and with the usual principle of virtual work applied
to the remainder of the domain (i.e. the FEM region). It is shown that, by an
appropriate use of the weak-form displacement and traction integral equations, an
overall symmetric formulation is obtained. A discretization in terms of standard Co
elements is then introduced and the final system of algebraic equations governing
the discretized problem is established. A computer code based on these coupled
SGBEM-FEM equations is developed, and the utility of the method is demonstrated
for a number of fracture problems. Finally, a coupling of the SGBEM with the
commercial finite element package ABAQUS is illustrated.
4.1 SGBEM-FEM formulation
Consider a homogeneous, linearly elastic body Ω containing a crack as shown schemat-
ically in Figure 4.1(a). As before, we denote the (geometrically coincident) surfaces
of the crack by S+C and S
−
















Figure 4.1: Schematic of an elastic body comprised of two subregions.
in representing the crack. The surfaces of the crack are subjected only to prescribed
tractions tc ≡ t+c = −t−c , while in general the ordinary boundary of the domain is
comprised of a portion on which displacements u = uo are prescribed and a portion
on which tractions t = to are prescribed.
We now partition the domain along an imaginary surface SI giving rise to a
‘BEM-region’ ΩB and a ‘FEM-region’ ΩF . In the development it is assumed that
the crack is strictly contained in the subregion ΩB as indicated in Figure 4.1(b),
but the key restriction is actually that the crack front be fully contained in this
region. We remark that whereas the discussion is carried out for a single crack, the
formulation is readily extended to any number of cracks as long as the cracks are
contained within one or more BEM-regions. We also note that there is no restriction
that either the BEM-region or the FEM-region be simply connected.
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4.1.1 Formulation for ΩB
Consider first the subregion ΩB. The ordinary boundary of this region (not
including the crack or the interface) consists of a portion SU on which displacements
uo are prescribed and a portion STo on which tractions to are prescribed. Tractions
tc are prescribed on the crack surface SC , and for purposes of presentation we let
ST = STo ∪ Sc denote the net surface on which tractions are prescribed. On the
interface SI neither the traction nor displacement are known a priori, and to clearly
indicate the role of these quantities in the formulation for ΩB we denote them as tBI
and uBI , respectively. Finally, we let So = STo ∪SU ∪SI denote the ‘outer boundary’
of the domain and we let S = So ∪ SC denote the total boundary.
The formulation for ΩB is based upon the weakly-singular, weak-form dis-
placement and traction integral equations developed in Chapter 2. When specialized
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ũk(y) , y ∈ So








1/2 , y ∈ So
1 , y ∈ SC
(4.4)
The surface differential operator Dm which appears in these equations is given by
(2.10), and the kernels Hpij(ξ−y), Upi (ξ−y), Gpmj(ξ−y) and Ctkmj(ξ−y) are given
by equations (2.5), (2.43), (2.44) and (2.45), respectively.
Toward obtaining a symmetric system of integral equations governing ΩB, we
first employ the weak-form displacement integral equation (4.1) on SU (with t̃ = 0
on STo ∪ SI) and we utilize the weak-form traction integral equation (4.2) on ST
(with ũ = 0 on SU ∪ SI). Next, on the interface SI we employ both the weak-form
displacement and traction integral equations; for the displacement equation we take
t̃ = 0 on STo ∪ SU while for the traction equation we take ṽ = 0 on SU ∪ ST . The
resulting system of integral equations can be expressed as
AUU(t̃, t) + BUT (t̃,v) + AUI(t̃, tBI ) + BUI(t̃, uBI ) = R1(t̃)
BUT (t, ṽ) + CTT (ṽ,v) + BIT (tBI , ṽ) + CTI(ṽ, uBI ) = R2(ṽ)
AIU(t̃BI , t) + BIT (t̃
B








I ) = R3(t̃
B
I )
BUI(t, ũBI ) + CIT (ũBI , v) + DII(tBI , ũBI ) + CII(ũBI ,uBI ) = R4(ũBI )− 2FBI (ũBI , tBI )
(4.5)
in which (with subscripts P , Q ∈ {U, To, T , C, I} introduced to specify the surface of




























Ctkmj DmY j(ξ) dS(ξ) dS(z) (4.9)
DII(X,Y ) = BII(X,Y )−FBI (X,Y ) (4.10)
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Xi(z) Y i(z) dS(z) (4.11)
The linear operators R1,R2,R3 and R4 which appear on the right hand side of (4.5)
are given by
R1(t̃) = −AUTo(t̃, to) − BUU(t̃, uo) + FBU (t̃,uo)
R2(ṽ) = −BToT (to, ṽ) − CTU(ṽ,uo)
−FBTo(ũ, to) − 2FBC (∆ũ, tc)
R3(t̃BI ) = −AITo(t̃
B
I , to) − BIU(t̃
B
I ,uo)
R4(ũBI ) = −CIU(ũBI ,uo) − BTI(to, ũBI )
(4.12)
Clearly the bilinear operators APQ(X,Y ) and CPQ(X,Y ) are symmetric in
the sense that
APQ(X,Y ) = AQP (Y ,X)
CPQ(X,Y ) = CQP (Y ,X)
(4.13)
and, as a consequence, the left hand side of the system of equations (4.5) is in a
symmetric form. Of course, the tractions on the interface are not prescribed and as
such the quantity 2FBI (ũBI , tBI ) which appears on the right hand side of (4.5) does
not constitute a loading term; this term will be addressed after the formulation for
ΩF is presented.
4.1.2 Formulation for ΩF
We now turn attention to the subregion ΩF . The boundary of this region consists
of a portion SU on which displacements uo are prescribed, a portion ST on which
tractions to are prescribed, and the interface SI on which neither the traction or
displacement are known a priori. Here we denote the traction and displacement
on SI by tFI and u
F
I , respectively, in order to distinguish them from the quantities
which appear in the formulation for ΩB. Of course, continuity of tractions and
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I = −tBI , but we
retain the distinction to allow for an (approximate) weak enforcement of continuity
within the context of the discretized problem to be considered further below.
The formulation adopted for ΩF follows in the usual way from the principle
of virtual work and can be stated in the form
KFF (ũ,u) = 2FFI (ũFI , tFI ) + 2FFT (ũ, to) (4.14)





















Xi(y) Y i(y) dS(y) (4.16)
with P ∈ {I, T}. We remark that the factor of one-half in (4.16) has been introduced
for convenience to cast this term in a form analogous to that for FBP (X,Y ) given by
(4.11), and this then leads to the factor of two appearing on the right hand side of
(4.14). Of course, the operator FFP is defined on a portion of the boundary of ΩF
whereas FBP is defined on a portion of the boundary of ΩB; this distinction will be
particularly important in what follows.
4.1.3 Overall symmetric formulation
To obtain a weak statement of the original boundary value (for the entire
domain), the variational statement (4.14) is used in conjunction with the set of
integral equations (4.5). Specifically, (4.14) is combined with the last equation of
(4.5) to obtain the symmetric system
AUU(t̃, t) + BUT (t̃, v) + AUI(t̃, tBI ) + BUI(t̃,uBI ) = R1(t̃)
BUT (t, ṽ) + CTT (ṽ, v) + BIT (tBI , ṽ) + CTI(ṽ, uBI ) = R2(ṽ)
AIU(t̃BI , t) + BIT (t̃
B








I ) = R3(t̃
B
I )
BUI(t, ũBI ) + CIT (ũBI ,v) +DII(tBI , ũBI ) +
[CII −KFF
]




[CII −KFF ] = CII(ũBI ,uBI )−KFF (ũ, u) (4.18)
and where E is given by
E = −2
[
FBI (ũBI , tBI ) + FFI (ũFI , tFI )
]
(4.19)
Strong continuity of the tractions and displacement test functions across the inter-
face (i.e. tBI = −tFI and ũBI = ũFI ) implies that E = 0. We retain this term, however,
so that it can be discussed in the context of the numerical solution procedure to be
introduced next.
4.2 Discretization
A Galerkin strategy is adopted to construct an approximate numerical solution
to the system of equations (4.17). For the subregion ΩB, only the boundary (includ-
ing the crack surface and the interface) requires discretization, and here standard two
dimensional isoparametric Co elements are employed except along the crack front
where the special crack tip element introduced in Chapter 3 is utilized. For the
subregion ΩF , standard three dimensional isoparametric Co elements are employed
throughout. It should be noted that the discretizations of the two subdomains are
considered to be independent so that, in particular, the meshes on the interface need
not conform.
To distinguish the discretization on the interface associated with ΩB from
that associated with ΩF , we now let SBI denote the (approximate, discretized) in-
terface for the BEM-region and SFI that for the FEM-region. Furthermore, we
introduce yet another representation for the interface which is denoted by SRI and
which will be referred to as the reference interface; this surface (while ideally coinci-

















Figure 4.2: Schematic of approximate geometries of two subregions resulting from
discretization.
two dimensional isoparametric Co elements. The reference interface will be used to
connect interfacial quantities associated with ΩF to those associated with ΩB, and
at times it will be viewed as an ‘interlayer’ having infinitesimal thickness such that
it is appropriate to consider its equilibrium.
The (independent) displacement trial and test functions associated with SBI ,
SFI and S
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in which, with Q ∈ {B, F , R}, the quantities UQI and Ũ
Q
I are column vectors of nodal
values, ΦQ is a column vector of nodal shape functions, and ΦTQ is the transpose of
ΦQ. The traction trial and test functions associated with SBI and S
F


























in which T QI and T̃
Q
I (with Q ∈ {B, F}) are column vectors of nodal quantities.
Note that the traction quantities are interpolated in terms of the same nodal shape
functions used to interpolate the displacement quantities. Also note that the traction
on the interface associated with ΩB appears naturally as a variable in the integral
equation representation for this region, while the traction tFI associated with Ω
F is
considered to be ‘prescribed’ in the sense that it will eventually be connected to tBI
and, in fact, eliminated from the final system of equations.
4.2.1 Continuity conditions and constraint matrices
Owing to the fact that separate discretization are allowed on the BEM and FEM
regions, continuity of the approximate trial and test functions across the interface
cannot in general be enforced in the strong sense. Furthermore, the approximate
surface SBI need not be identically coincident with S
F
I , and so these surfaces must
be distinguished for purposes of integration of quantities over the interface.
Within the context of the discretization for the interface, continuity of the




uBI (y)− uRI (yp)
]




uFI (y)− uRI (yp)
]





ũBI (y)− ũRI (yp)
]




ũFI (y)− ũRI (yp)
]
· w̃FI (y)dS(y) = 0 , ∀ w̃FI ∈ Hh(SFI ) (4.27)
where w̃QI = ΦTQ W̃
Q
I is a test function, H
h(SQI ) denotes the finite dimensional
subspace of H1 defined by the shape functions ΦQ, and yp denotes the closest point
projection of y (e.g. if the integration surface is SBI , yp ∈ SRI is the closest point
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projection of y ∈ SBI ). There remains to consider the tractions associated with
SBI and S
F









· w̃RI (y)dS(y) = 0 , ∀ w̃RI ∈ Hh(SRI ) (4.28)
Note that the latter relation can be interpreted as a weak statement of equilibrium
for the reference interface in terms of the tractions ‘exerted on it’ by ΩB and ΩF .
Displacement constraints
With the use of (4.20) and the fact that W̃
Q
I is an arbitrary column vector,








where (with Q ∈ {B, F})









ΦQ(y) ΦTR(yp) dS(y) (4.32)










Traction continuity implied by E = 0
Next, we turn attention to the weak statement of traction continuity (4.28).
We note that, within the context of the discretization, E given by (4.19) can be
expressed in the form
E = E trac + EdispB + EdispF + EgeomB + EgeomF , ∀ ũRI ∈ Hh(SRI ) (4.34)
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ũRI (yp)− ũBI (y)
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ũRI (yp)− ũFI (y)
]




tBI (yp) · ũRI (y)dS(y)−
∫
SBI




tFI (yp) · ũRI (y)dS(y)−
∫
SFI
tFI (y) · ũRI (yp)dS(y) (4.39)
From (4.26) and (4.27) along with the fact that tQI = ΦTQT
Q
I ∈ Hh(SQI ), it follows
that EdispB = 0 and EdispF = 0. The terms EgeomB and EgeomF are associated with the
geometric mismatch between the approximate surfaces SBI , S
F
I and the reference
interface SRI (as well as the procedure utilized to obtain the closest point projec-
tion). It is evident that EgeomB = EgeomF = 0 for the special case of conforming
discretizations, but these terms will also vanish for nonconforming discretizations
under certain circumstances (e.g. a flat interface with a polygonal edge). When
these geometric terms do in fact vanish, setting E = 0 implies that E trac = 0 which
is equivalent to the weak statement of traction continuity given by (4.28). Here we
set E ≡ 0 for all cases and in this way we obtain a symmetric system of equations
for which equilibrium of the reference interface is ensured (to within the small error
which may be induced by neglecting EgeomB and EgeomF ).
4.2.2 Final discrete equations
For the FEM-region, the discretization follows a standard finite element
procedure, and here the column vector of displacement nodal quantities associated
with the discretization is denoted UFtotal. To clearly indicate the role of the interface
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in which the column vector UFI contains the displacement nodal quantities for the
interface SFI and the vector U
F contains the remaining nodal quantities.
For the BEM-region, we now denote the various discretized surfaces by means
of a superscript B (i.e. SBU , S
B
To
, SBC and S
B
I ). The traction and displacement
variables are approximated in terms of nodal quantities and nodal basis functions
in a fashion similar to that given by (4.20)-(4.23). This gives rise to column vectors
UB, UBI and ∆U
B associated with displacement nodal quantities on SBTo , S
B
I and
SBC , respectively, and to column vectors T
B and T BI associated with traction nodal
quantities on SBU and S
B
I , respectively.
The discrete system of equations governing the boundary value problem then
follows from (4.17) (with E ≡ 0) through an appropriate use of the constraint equa-
tions (4.29) and (4.33). In forming these equations, nodal quantities associated with
SBI and S
F
I are eliminated in favor of those associated with S
R
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B̄UI = BUIΛ̄B , C̄TI = CToIΛ̄B , C̄CI = CCIΛ̄B
D̄II = DIIΛ̄B , C̄II = Λ̄
T










In these expressions, the sub-matrices KII , KIF and KFF are associated with the
operator KFF by means of the partitioning UFtotal = [UFI UF ]T, and the loading term
R6 is associated with FFT . Toward discussing the terms arising from the SGBEM
formulation, we first note that the statement (4.17) involves the entire surface ST =
STo∪SC on which tractions are prescribed, whereas here the surfaces STo and SC have
been distinguished in order to explicitly reveal the degrees of freedom ∆UB on the
crack. Having distinguished these two surfaces, the integral operators APQ,BPQ, CPQ
and DII (with P , Q ∈ {U, T , I}) give rise to the sub-matrices APQ, BPQ, CPQ and
DII (with P , Q ∈ {U, To, C, I}), the operator R1 gives rise to the load vector R1,
the operator R2 gives rise to the pair of load vectors R2 and R3 and, finally, the
operator R4 gives rise to the load vector R5. The numerical evaluation of these
SGBEM sub-matrices and load vectors is essentially the same as that described in
Chapter 3.
We remark that the coefficient matrices AUU ,AII , KII and KFF are symmet-
ric and positive definite, whereas CTT , CCC and CII are symmetric and negative
definite. This gives rise to a system of linear equations in terms of a symmetric
non-definite coefficient matrix.
4.2.3 Additional discussion of constraint equations
In general, the reference interface SRI can be discretized independently of both
SBI and S
F
I . However, in the numerical implementation followed here, the reference






I ∈ {SBI , SFI }).
When the choice SRI = S
B








in which Λ̄FB = Π−1F ΛFB with ΠF and ΛFB given by (4.31) and (4.32). Similarly,
when the choice SRI = S
B
I is made we have








where Λ̄BF = Π−1B ΛBF .
The evaluation of each entry of ΠB and ΠF follows a standard numerical
integration scheme (specifically Gaussian quadrature) since the integrand is com-
pletely defined on a single surface. In contrast, each entry of ΛBF and ΛFB involves
an integral whose integrand is the product of nodal basis functions defined on two
different interfaces (SBI and S
F
I ), and the special integration strategy described in
Appendix F is adopted to treat these matrices.
Conforming meshes
For the particular case in which the meshes on the interface conform (i.e. SBI =
SFI = S
R
I ), the matrices ΠB, ΛBR, Λ̄BR, ΠF , ΛFR and Λ̄FR all reduce, naturally, to
an identity matrix. In turn, the constraint conditions (4.29) and (4.33) reduce to














By ignoring the requirement that w̃QI ∈ Hh(SQI ) (with Q ∈ {B, F}) and
choosing w̃QI to be the dirac-Delta function centered at nodal points on S
Q
I , we
obtain collocation-type constraints which are in the same form as (4.29) and (4.33)
but with the entries of ΠQ and ΛQR given by
[ΠQ]ij = δij , [ΛQR]ij = [ΦR(xQp(i))]j (4.46)
in which xQp(i) ∈ SRI is the closest point projection of the ith node onto S
Q
I . It is
important to note that for this type of constraint the terms EdispB and EdispF appearing
in (4.34) do not in general vanish and, as a consequence, enforcing E ≡ 0 (to obtain
a symmetric formulation) violates equilibrium of the reference interface. As shown
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below, this can lead to significant error in the numerical solution of the boundary
value problem (depending upon the choice of the reference interface).
4.3 Numerical Results
To demonstrate the versatility and capability of the technique, several numer-
ical examples including embedded and surface breaking cracks in finite domains are
considered. The primary quantities of interest are the stress intensity factors which
are obtained as a function of position along the crack front. To assure the accuracy
and convergence of numerical solutions, results for each problem are obtained for dif-
ferent levels of refinement and for certain cases, results are compared with available
results obtained from SGBEM. The materials used in the analysis are an isotropic
material with poisson ratio ν = 0.3 and two transversely isotropic materials, zinc
and a graphite-reinforced composite, with elastic moduli given in Table 4.1. The
collection of all results are organized such that the results for conforming and non-
conforming discretizations are presented first in the context of the developed stand
alone code and certain examples illustrating the coupling of SGBEM and ABAQUS
are presented subsequently.
Materials E1111 E1122 E1133 E3333 E1313
Zinc 16.09 3.35 5.01 6.10 3.83
Graphite-reinforced composite 2.130 1.013 0.808 20.996 0.587
Table 4.1: Elastic constants for zinc and a graphite-reinforced composite (x106 psi,
[26], [25]). The axis of symmetry is taken along the x3 coordinate direction.
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4.3.1 Results for conforming discretization
In this section, we consider results for several crack problems involving embed-
ded and surface breaking cracks and general loading conditions which give rise to
mixed-mode stress intensity factors. The discretization of the two subregions, the
BEM-region and the FEM-region, is such that meshes along the interface is con-
forming. To examine the accuracy and convergence of results, numerical solutions
are obtained for three levels of refinement and compared with available solutions
obtained from the SGBEM. We note that in partitioning a body, the size of the
BEM-region containing crack is chosen, in certain extent, arbitrary.
Embedded penny-shaped crack in a cylinder
Consider a solid circular cylinder of radius R and length 2L which contains
penny-shaped crack of radius a as depicted in Figure 4.3. The cylinder is subjected
to two types of loading, one of which is for uniform normal traction σo applied at
both ends of the cylinder while the other is for linearly varying shear traction applied
at both ends. Note that the shear traction is associated with applied torque To and
σo = 2To/πR3 denotes an associated maximum shear traction. The dimensions
used in the analysis are taken such that a/R = 0.5 and L/R = 4 and three types of
materials, isotropic material with ν = 0.3, zinc and a graphite-reinforced composite,
are considered. For zinc and a graphite-reinforced composite, the axis of elastic
symmetry is directed along the axis of the cylinder. In this analysis, three meshes
are adopted as shown in Figure 4.4.
The pure mode-I and pure mode-III stress intensity factors are given in Table
4.2 where results are normalized by the stress intensity factor obtained from the
SGBEM with the mesh shown in Figure4.4(b). From these results, computed stress
intensity factors obtained for three meshes indicate excellent agreement with each














Figure 4.3: (a) Schematic of a penny-shaped crack in a cylinder, (b) cylinder sub-
jected to uniform normal traction σo at the ends and (c) cylinder subjected to torque






Mesh Isotropic Zinc Graphite Isotropic Zinc Graphite
1 0.9844 0.9660 0.9915 0.9955 0.9954 0.9947
2 0.9975 0.9945 0.9968 1.0018 0.9969 0.9973
3 1.0007 1.0006 0.9992 0.9999 0.9990 0.9991
Table 4.2: Normalized stress intensity factors for a penny shape crack in a cylinder
subjected to (a) uniform normal traction and (b) torque at the ends. The reference
stress intensity factors are obtained from the SGBEM with Mesh 4 (for isotropic
material: KrefI = 0.6867
√













πa τo and for a graphite-reinforced composite:
KrefI = 0.6783
√






Mesh 1 Mesh 3Mesh 2 Mesh 4
Figure 4.4: Meshes for a penny-shaped crack in a cylinder (a/R = 0.5, L/R = 4).
Mesh 1, 2 and 3 are adopted for the SGBEM-FEM coupling where colored meshes
are associated with the FEM-region and unshaded meshes are associated with the
BEM-region including crack. Mesh 4 is adopted for the SGBEM.
To examine the influence of the size of the BEM-region on the numerical
solution, we adopt three different meshes as shown schematically in Figure 4.5 where
the Mesh b are identical to Mesh 3 in Figure 4.4. The normalized stress intensity
factor obtained for all three mesh is shown in Table 4.3 and this result indicates
that, for this particular example, there is no significant dependence of the numerical






Mesh Isotropic Zinc Graphite Isotropic Zinc Graphite
a 0.9995 1.0001 0.9964 1.0009 0.9991 0.9991
b 1.0007 1.0006 0.9992 0.9999 0.9990 0.9991
c 1.0001 0.9996 0.9997 0.9996 0.9990 0.9991
Table 4.3: Normalized stress intensity factors for a penny shape crack in a cylinder
subjected to (a) uniform normal traction (b) torque at the ends. The results are
obtained for meshes shown in Figure 4.5 and the reference stress intensity factors
are the same as those shown in Table 4.2.
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Mesh a Mesh cMesh b
Figure 4.5: Meshes for a penny-shaped crack in a cylinder used in examining the
effect of the size of the BEM-region. Note that Mesh b is identical to Mesh 3 in
Figure 4.4 and meshes for crack are shown below those for the entire region.
Circumferential crack in a cylinder
Consider a circumferential crack of depth a which is contained in a solid circular
cylinder of radius R and length 2L as shown schematically in Figure 4.6. Two types
of loading, uniform normal traction σo and torque To (with σo = 2To/πR3) applied at
both ends of the cylinder, are examined. Note that the uniform normal traction gives
rise to pure mode-I while the torsion loading introduces pure mode-III. Materials
and the orientation of the axis of elastic symmetry are taken to be the same as those
considered in the previous example. Three meshes used in the analysis are adopted
such that a/R = 0.5 and L/R = 2 and are shown in Figure 4.7.
The computed stress intensity factors are normalized by the stress intensity
factor obtained from Mesh 4 (shown in Figure 4.7) with SGBEM and are given
in Table 4.4. From these results, the good agreement among numerical solutions
from each mesh is observed and this indicates that solutions are only slightly mesh











Figure 4.6: (a) Schematic of a circumferential crack in a cylinder, (b) cylinder
subjected to uniform normal traction σo at the ends and (c) cylinder subjected to
torque To at the ends.
Mesh 1 Mesh 3Mesh 2 Mesh 4
Figure 4.7: Meshes for a circumferential crack in a cylinder (a/R = 0.5, L/R = 4).
Mesh 1, 2 and 3 are adopted for the SGBEM-FEM coupling where colored meshes
are associated with the FEM-region and unshaded meshes are associated with the







Mesh Isotropic Zinc Graphite Isotropic Zinc Graphite
1 0.9880 0.9917 0.9717 0.9706 0.9703 0.9703
2 0.9957 0.9965 0.9979 0.9949 0.9947 0.9942
3 1.0001 0.9999 0.9986 0.9996 0.9999 0.9986
Table 4.4: Normalized stress intensity factors for a circumferential crack in a cylinder
subjected to (a) uniform normal traction and (b) torque at the ends. The reference
stress intensity factors are obtained from the SGBEM with Mesh 4 (for isotropic
material: KrefI = 1.9445
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πa τo and for a graphite-reinforced composite:
KrefI = 1.9311
√





Quarter elliptical cracks at circular hole in thin plate
Next, we consider a rectangular thin plate containing circular hole of radius
R at the center. The quarter-elliptic surface breaking cracks are present at the hole
as shown schematically in Figure 4.8. The dimensions are taken to be a/t = 0.2,
a/t = 0.8, R/t = 2, R/W = 0.2 and H/W = 2 which are the same as those
considered in Section 3.3. Isotropic material with v = 0.3 and a graphite-reinforced
composite are treated for this particular problem where for the latter case the axis of
elastic symmetry is directed along Z axis. The plate is loaded by a uniform normal
traction σo at both ends while other surfaces are traction free. By exploiting the
symmetry of geometry and loading about a plane Y = 0, only half of the problem
(Y ≥ 0) is used for modeling the problem with appropriate treatment of boundary
conditions. Three levels of refinement associated with the reduced domain are shown
in Figure 4.9.
The loading considered gives rise to a pure mode-I and the stress intensity
factor along the crack front is of interest. The normalized stress intensity factor
for is presented as a function of an angular position θ in Figure 4.10 along with














Figure 4.8: Schematic of quarter-elliptic cracks at circular hole in a rectangular plate
with R/t = 2, a/t = 0.2, a/c = 0.8, R/W = 0.2 and H/W = 2.
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Mesh 1 Mesh 2 Mesh 3
Figure 4.9: Meshes for quarter elliptical cracks at a circular hole in a rectangular
plate (R/t = 2, a/t = 0.2, a/c = 0.8, R/W = 0.2 and H/W = 2). Colored meshes
are associated with the FEM-region and unshaded meshes are associated with the
BEM-region including crack.
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agreement between numerical solutions from each mesh and the result from SGBEM
was observed for both material considered.
























Figure 4.10: Normalized mode-I stress intensity factor for quarter-elliptic crack at a
circular hole in a rectangular plate subjected to uniform normal traction σo at the
ends.
Surface flaw in cantilever beam
Consider a cantilever beam, with rectangular cross section, of length 2L as
shown in Figure 4.11. The beam contains semi-circular, surface breaking flaw of
radius a at the center of the beam and it is subjected to a uniform shear traction
corresponding to total load Po. In the analysis, dimensions of the beam are chosen
such that L/h = 4, h/b = 1 and b/a = 4 and three materials, isotropic with ν = 0.3,
zinc and a graphite-reinforced composite are considered where the last two materials
are treated such that the axis of elastic symmetry is along the axis of the beam.
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The considered loading gives rise to mixed-mode stress intensity factors, but, in
fact, mode-I is primarily dominated and mode-II and mode-III are present due to






Figure 4.11: Schematic of a cantilever beam containing a surface flaw which is
subjected to uniform shear traction at the end. The dimensions are taken such that
L/h = 4, b/h = 1 and b/a = 4.
The mixed-mode stress intensity factors are obtained along the crack front
from three meshes adopted as indicated in Figure 4.12. The normalized stress in-
tensity factors are plotted as a function of an angular position θ as shown in Figure
4.13 for mode-I, in Figure 4.14 for mode-II and in Figure 4.15 for mode-III. The
excellent agreement between the results obtained from three meshes indicate con-
vergence of numerical solutions and slight mesh dependence. We remark that the
subdominant stress intensity factors (mode-II and mode-III) which are of second
order of magnitude can be accurately obtained with a relatively coarse mesh. In
addition, the convergence of numerical solutions depends slightly upon the degree
of material anisotropy as indicated by slight difference of results from Mesh 3 for a
graphite-reinforced composite which possesses a very high stiffness in the direction
of the axis of elastic symmetry.
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Mesh 1 Mesh 2 Mesh 3
Figure 4.12: Meshes for a cantilever beam containing a semi-circular surface flaw.
Colored meshes are associated with the FEM-region and unshaded meshes are as-
sociated with the BEM-region including crack.


















Figure 4.13: Normalized mode-I stress intensity factor for a semi-circular surface
flaw in a cantilever beam subjected to uniform shear traction at the end where
σm = 6PoL/bh2.
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Figure 4.14: Normalized mode-II stress intensity factor for a semi-circular surface
flaw in a cantilever beam subjected to uniform shear traction at the end where
σm = 6PoL/bh2.















Figure 4.15: Normalized mode-III stress intensity factor for a semi-circular surface
flaw in a cantilever beam subjected to uniform shear traction at the end where
σm = 6PoL/bh2.
113
Double cantilever beam specimen
As a final example for conforming discretization, consider a double cantilever
beam specimen with its geometry shown in Figure 4.16. Two types of loading are
treated, one of which is for uniform shear traction associated with total load Po
applied to each leg of the specimen (Figure 4.16(a)) while the other is for linearly
varying normal traction corresponding to moment Mo applied to each leg of the
specimen (Figure 4.16(b)). The specimen is made from isotropic material with
poisson ratio ν = 0.3 and a graphite-reinforced composite with its axis of elastic
symmetry directed along the longitudinal direction of the specimen. While the
problem is only of pure mode-I type as a result of the geometry, loading and material
behavior, the stress intensity factor varies along the crack front. To demonstrate
the capability of the method in modeling a relatively thin body, the dimensions of









Figure 4.16: Schematic of a double cantilever beam specimen subjected to two types
of loading (a) applied end load Po and (b) applied end moment Mo.
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study, three levels of refinement, coarse, intermediate and fine meshes, are adopted
as shown in Figure 4.17. Remark that for this particular problem, we have chosen
the BEM-region containing the crack front and only the immediate surrounding
region while the FEM-region includes the main portion of the crack surface which




Figure 4.17: Meshes for a double cantilever beam specimen where its dimensions are
taken such that L/t = 24, B/t = 16 and w/t = 10. Colored meshes are associated
with the FEM-region and unshaded meshes are associated with the BEM-region
including crack.
The stress intensity factor are plotted as a function of distance s measured
from the center of the crack front in Figure 4.18(a) for applied end load Po and in
Figure 4.18(b) for applied end moment Mo. The agreement between the solutions
obtained from three meshes indicates that the results are very accurate and slightly
mesh dependent, except possibly in the region in the neighborhood of the surface
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Figure 4.18: Normalized mode-I stress intensity factor for a double cantilever beam
specimen subjected to (a) end load Po and (b) end moment Mo. The distance s is
measured from the center of the crack front.
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breaking points where the stress intensity factor decays rapidly to zero for both
materials considered. In addition, with the use of an equivalent maximum bending
stress σm associated with bending moment in each leg of the specimen at the crack
front (σm = 6PoL/wt2 for applied end load Po and σm = 6Mo/wt2 for applied end
moment Mo) to normalize the stress intensity factor, these two types of loading
yields no significant difference of results.
4.3.2 Results for nonconforming discretization
In this section, the results for certain examples are presented to illustrate the
accuracy and robust of the method in the context of nonconforming discretization.
For each problem, meshes for BEM-region and FEM-region are constructed and
similar to the conforming case, the size of BEM-region is chosen arbitrary. We
illustrate and discuss the quality of numerical solutions obtained by using two types
of constraint on the interface. For purpose of further reference, we use the term
“weak enforcement constraint” to represent the constraint associated with (4.42)-
(4.43) and the term “collocation constraint” to refer to the constraint corresponding
to (4.46). In addition, the influence of the choice of the reference interface on
numerical solutions is also discussed.
Quarter elliptical cracks at circular hole in thin plate
To illustrate the convergence and accuracy of the method, we consider
first the thin plate problem presented in Section 4.3.1 where the numerical solution
from SGBEM is available. The geometry of the problem, loading and material
behavior are identical to those previously treated. Here, we adopt three meshes
with nonconforming meshes on the interface as shown in Figure 4.19 where meshes
for BEM-region are identical to those shown in Figure 4.9. Note that the BEM- and
FEM-region are taken to be the same as those utilized in the conforming case.
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Mesh 1 Mesh 2 Mesh 3
Figure 4.19: Nonconforming meshes for quarter elliptical cracks at a circular hole
in a rectangular plate (R/t = 2, a/t = 0.2, a/c = 0.8, R/W = 0.2 and H/W =
2). Colored meshes are associated with the FEM-region and unshaded meshes are
associated with the BEM-region including crack.
118


















































Figure 4.20: Normalized mode-I stress intensity factor for quarter-elliptic crack at
a circular hole in a rectangular plate subjected to uniform normal traction σo at
the ends. The collocation constraint is utilized with two choices of the reference






















































Figure 4.21: Normalized mode-I stress intensity factor for quarter-elliptic crack at a
circular hole in a rectangular plate subjected to uniform normal traction σo at the
ends. The weak enforcement constraint is utilized with two choices of the reference




Numerical solutions for mode-I stress intensity factor obtained is presented
in Figure 4.20 for the collocation constraint and in Figure 4.21 for the weak enforce-
ment constraint. For each case, two choices of the reference interface, SBI and S
F
I ,
are considered, and results are plotted and compared with that from the SGBEM
(obtained from mesh shown in Figure 3.22). Results for isotropic case indicate the
excellent agreement for three meshes and for the one from SGBEM and no depen-
dence on the type of constraint and the choice of the reference interface was observed.
In contrast, results for graphite-reinforce composite, which has a very high stiffness
in the direction of the axis of elastic symmetry, indicate that more accurate numer-
ical solutions can be obtained via the use of weak enforcement constraint for both
choices of the reference interface.
Surface flaw in cantilever beam
Consider again the cantilever beam containing a semi-circular surface flaw
as illustrated in the section 4.3.1. For comparison purpose, the dimensions of the
problem and loading are taken to be the same as those utilized in the conforming
case. As a consequence of the slight influence of material anisotropy on the stress
intensity factors indicated previously for this particular problem, only isotropic case
with υ = 0.3 is treated. Three meshes with nonconforming mesh on the interface
are adopted and shown in Figure 4.22. We remark that meshes for BEM-region are
identical to those utilized in the conforming case and meshes for FEM-region can
be conveniently constructed without the transition region.
The mixed-mode stress intensity factors are then computed and results are
plotted as a function of an angular position along the crack front. The results shown
in Figure 4.23 and Figure 4.24 are mode-I stress intensity factors associated with
the collocation and weak enforcement constraints, respectively; similarly, Figure 4.25
and Figure 4.26 are associated with mode-II stress intensity factor and Figure 4.27
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Mesh 1 Mesh 2 Mesh 3
Figure 4.22: Nonconforming meshes for a cantilever beam with a semi-circular sur-
face flaw. Colored meshes are associated with the FEM-region and unshaded meshes
are associated with the BEM-region including crack.
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Figure 4.23: Normalized mode-I stress intensity factor for a cantilever beam contain-
ing a semi-circular surface flaw subjected to end load Po with the use of collocation
constraint and two different choices of reference interface (a) SBI and (b) S
F
I . Nu-
merical results are for the isotropic material (ν = 0.3) which are plotted along with
the result obtained from Mesh 3 in Figure 4.12.
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Figure 4.24: Normalized mode-I stress intensity factor for a cantilever beam con-
taining a semi-circular surface flaw subjected to end load Po with the use of weak
enforcement constraint and two different choices of reference interface (a) SBI and
(b) SFI . Numerical results are for the isotropic material (ν = 0.3) which are plotted
along with the result obtained from Mesh 3 in Figure 4.12.
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Figure 4.25: Normalized mode-II stress intensity factor for a cantilever beam con-
taining a semi-circular surface flaw subjected to end load Po with the use of collo-
cation constraint and two different choices of reference interface (a) SBI and (b) S
F
I .
Numerical results are for the isotropic material (ν = 0.3) which are plotted along
with the result obtained from Mesh 3 in Figure 4.12.
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Figure 4.26: Normalized mode-II stress intensity factor for a cantilever beam con-
taining a semi-circular surface flaw subjected to end load Po with the use of weak
enforcement constraint and two different choices of reference interface (a) SBI and
(b) SFI . Numerical results are for the isotropic material (ν = 0.3) which are plotted
along with the result obtained from Mesh 3 in Figure 4.12.
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Figure 4.27: Normalized mode-III stress intensity factor for a cantilever beam con-
taining a semi-circular surface flaw subjected to end load Po with the use of collo-
cation constraint and two different choices of reference interface (a) SBI and (b) S
F
I .
Numerical results are for the isotropic material (ν = 0.3) which are plotted along
with the result obtained from Mesh 3 in Figure 4.12.
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Figure 4.28: Normalized mode-III stress intensity factor for a cantilever beam con-
taining a semi-circular surface flaw subjected to end load Po with the use of weak
enforcement constraint and two different choices of reference interface (a) SBI and
(b) SFI . Numerical results are for the isotropic material (ν = 0.3) which are plotted
along with the result obtained from Mesh 3 in Figure 4.12.
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and Figure 4.28 are associated with mode-III stress intensity factor. The numerical
solution for the conforming case which is obtained from the fine mesh is used as
a benchmark solution. For this particular problem, it is evident that the result
obtained using collocation constraint with SRI = S
B
I (note that mesh on S
B
I is finer
than that on SFI ) shows significant difference from the bench mark solution even if
the Mesh 3 is utilized; however, if the SFI is chosen to be the reference interface,
the numerical solution indicates good convergence and slight mesh dependence. The
potential source of error is due to the fact that the weak continuity of tractions on the
interface is not satisfied (equilibrium is not fulfilled in the weak sense) as discussed
in section 4.2. The difference of test functions ũBI − ũFI becomes significant when
levels of refinement on SBI and S
B
I are very different and the finer mesh is chosen
to be the reference interface and employed to construct the interpolant for nodal
quantities on the coarser interface. Note that the difference of test functions becomes
less significant when the coarser interface is chosen to be the reference interface. In
contrast to the collocation constraint, the results obtained with the use of weak
enforcement constraint show no dependence on the choice of the reference interface
and numerical solutions for all three modes indicate excellent convergence.
In addition, the influence of the size of the BEM-region on the numerical
solution is examined for this particular example. Three meshes with different BEM-
regions are adopted as shown in Figure 4.29. The normalized stress intensity factors
obtained from these meshes are plotted in Figure 4.30 for mode-I, in Figure 4.31 for
mode-II and in Figure 4.32 for mode-III. Note that all results are compared with
those obtained from Mesh 3 shown in Figure 4.12 in the conforming case. It is found
that there is no significant difference of numerical results due to the use of different
BEM-regions.
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Mesh a Mesh b Mesh c
Figure 4.29: Nonconforming meshes for a cantilever beam containing a semi-circular
surface flaw used in examining the effect of the size of BEM-region. Colored meshes
are associated with the FEM-region and unshaded meshes are associated with the
BEM-region including crack. Mesh b is identical to Mesh 2 in Figure 4.22.
















Figure 4.30: Normalized mode-I stress intensity factor for a cantilever beam contain-
ing a semi-circular surface flaw subjected to uniform shear traction at the end (with
the use of weak enforcement constraint and SRI = S
B
I ). Results are for isotropic
material with ν = 0.3.
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Figure 4.31: Normalized mode-II stress intensity factor for a cantilever beam con-
taining a semi-circular surface flaw subjected to uniform shear traction at the end
(with the use of weak enforcement constraint and SRI = S
B
I ). Results are for isotropic
material with ν = 0.3.













Figure 4.32: Normalized mode-III stress intensity factor for a cantilever beam con-
taining a semi-circular surface flaw subjected to uniform shear traction at the end
(with the use of weak enforcement constraint and SRI = S
B
I ). Results are for isotropic
material with ν = 0.3.
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Surface breaking flaw in pipe
Consider a pipe of length 2L with a hollow circular cross section as shown
schematically in Figure 4.33(a). The inner radius and the thickness of the pipe are
denoted by R and t, respectively. The surface breaking flaw which is a segment of
an ellipse with semi-major axis a and semi-minor axis b as shown in Figure 4.33(b).
The orientation of the flaw is denoted by an angle φ as indicated in Figure 4.33(a).
Three types of loading including applied uniform normal traction σo at both ends
of the pipe, applied linearly varying shear traction at both ends of pipe and applied
internal pressure po are considered as shown in Figure 4.34. Note that the second
type of loading corresponds to an equivalent pure torsion loading with the maximum










Figure 4.33: (a) Schematic of a pipe containing a surface breaking flaw. (b) Geom-
etry of the surface breaking flaw.
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in the longitudinal direction. In the analysis, isotropic material with ν = 0.3, zinc
and a graphite-reinforced composite are considered and dimensions of the problem
are such that L/(R + t) = 2, (R + t)/a = 10, a/t = 0.5, b/a = 0.8 and φ = 45o.




Figure 4.34: Schematic of a pipe subjected to three types of loading (a) uniform nor-
mal traction σo applied at the ends, (b) linearly varying shear traction corresponding
to pure torsion loading applied at the ends and (c) uniform internal pressure po with
constraint in the longitudinal direction at top and bottom surface.
Three types of loading treated give rise to a fully mixed-mode problem as
a consequence of the orientation of the flaw. As suggested by two previous exam-
ples, using weak enforcement constraint on the interface is preferable and it provides
accurate results with no dependence on the choice of the reference interface. There-
fore, the computed stress intensity factors along the crack front are presented only
for the case that the weak enforcement constraint is employed and the interface on
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Mesh 1 Mesh 2 Mesh 3
Figure 4.35: Nonconforming meshes for a pipe containing a surface breaking flaw.
Colored meshes are associated with the FEM-region and unshaded meshes are as-
sociated with the BEM-region including crack.
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the FEM-region is treated as the reference interface. The stress intensity factors for
each loading condition are obtained for three meshes and results are presented for
three materials. Mode-I, mode-II and mode-III stress intensity factors are plotted
in Figure (4.36), (4.37), (4.38) for uniform normal traction loading, in Figure (4.39),
(4.39), (4.39) for linearly varying shear traction loading and in Figure (4.42), (4.42),
(4.42) for internal pressure loading. The excellent agreement of numerical solutions
obtained from three meshes has been observed for all cases. Additionally, accu-
rate results for mixed-mode stress intensity factor can be achieved with a relatively
coarse mesh for both isotropic and transversely isotropic materials.


















Figure 4.36: Normalized mode-I stress intensity factor for a surface breaking flaw
in a pipe subjected to uniform normal traction σo at the ends.
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Figure 4.37: Normalized mode-II stress intensity factor for a surface breaking flaw
in a pipe subjected to uniform normal traction σo at the ends.




















Figure 4.38: Normalized mode-III stress intensity factor for a surface breaking flaw
in a pipe subjected to uniform normal traction σo at the ends.
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Figure 4.39: Normalized mode-I stress intensity factor for a surface breaking flaw
in a pipe subjected to linearly varying shear traction where τo denote the maximum
shear traction.



















Figure 4.40: Normalized mode-II stress intensity factor for a surface breaking flaw
in a pipe subjected to linearly varying shear traction where τo denote the maximum
shear traction.
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Figure 4.41: Normalized mode-III stress intensity factor for a surface breaking flaw
in a pipe subjected to linearly varying shear traction where τo denote the maximum
shear traction.





















Figure 4.42: Normalized mode-I stress intensity factor for a surface breaking flaw
in a pipe subjected to internal pressure po.
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Figure 4.43: Normalized mode-II stress intensity factor for a surface breaking flaw
in a pipe subjected to internal pressure po.






















Figure 4.44: Normalized mode-III stress intensity factor for a surface breaking flaw
in a pipe subjected to internal pressure po.
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Rectangular plate with through crack
As a final example, consider a rectangular plate containing a through crack of
length 2a at the center of the plate. The orientation of the crack is denoted by an
angle φ and other dimensions are shown in Figure 4.45. The plate is made from an
isotropic material with poisson’s ration ν = 0.3 and is subjected to a uniform normal
traction σo at both ends. For this particular problem, it is of interest to examine
the effect of the crack orientation on the mixed-mode stress intensity factors and
the advantage of the nonconforming discretization in constructing series of meshes
for various angle φ serves this purpose. Specifically, the BEM-region is chosen to be








Figure 4.45: Schematic of a rectangular plate containing a through crack subjected
to uniform normal traction at the ends.
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(coarse and fine meshes) are constructed for φ = 90 as shown in Figure 4.46. Meshes
for other angles can be readily obtained via the rotation of those for φ = 90.
The normalized stress intensity factors are plotted as a function of normal-
ized distance s/2t where s is measured from center of the crack front. Four crack
orientations associated with φ = 30o, 45o, 60o and 90o are treated and results are
Mesh 1 Mesh 2
Figure 4.46: Nonconforming meshes for a rectangular plate containing a through
crack with dimensions taken to be such that L/w = 2, w/t = 8 and w/a = 4.
Colored meshes are associated with the FEM-region and unshaded meshes are as-
sociated with the BEM-region including crack.
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presented in Figure 4.47 for mode-I, in Figure 4.48 for mode-II and in Figure 4.49
for mode-III. A good agreement between the numerical solutions obtained for two
meshes is observed everywhere along the crack front except a very thin layer in the
vicinity of surface breaking points. Remark for this particular problem that at ver-
tices where the crack front meet the boundary, the order of singularity is less than
square-root for mode-I while it is higher than square-root for mode II and III. Based
on obtained results, it is found that mode-I stress intensity factor increases as the
angle φ increases and it reaches maximum at φ = 90o. In addition, mode-II stress
intensity factor at φ = 45o is larger than those at φ = 30o and φ = 60o which are
comparable, while no significant difference of the stress intensity factor was observed
at φ = 30o, 45o and 60o.



















Figure 4.47: Normalized mode-I stress intensity factor for a through crack in a
rectangular plate subjected to uniform normal traction σo at the ends. The distance
s is measured from the center of the crack front.
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Figure 4.48: Normalized mode-II stress intensity factor for a through crack in a
rectangular plate subjected to uniform normal traction σo at the ends. The distance
s is measured from the center of the crack front.



















Figure 4.49: Normalized mode-III stress intensity factor for a through crack in a
rectangular plate subjected to uniform normal traction σo at the ends. The distance
s is measured from the center of the crack front.
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4.4 Coupling of SGBEM with ABAQUS
The coupling of the SGBEM and the FEM for analysis of three dimensional crack
problems has been successfully implemented. However, the stand-alone FEM code
developed here to demonstrate the coupling has limited capabilities in comparison
with available commercial FEM codes. For this reason, we now pursue a coupling
of the SGBEM with the commercial finite element code ABAQUS.
What is sought is the ability to exploit the vast features and modeling ca-
pability of ABAQUS to treat complex structures while retaining the SGBEM to
model a local region surrounding the crack. The similarities of the SGBEM and
the FEM (i.e. both are symmetric formulations utilizing a Galerkin approximation
scheme, standard Co elements can be employed, etc.) renders the coupling of the two
methods quite natural. The treatment for both conforming and nonconforming dis-
cretizations can be performed by employing certain features available in ABAQUS,
namely a user-defined element capability and a linear constraint command. Here,
we briefly summarize the essential ingredients of the implementation.
4.4.1 Treatment of ΩB and ΩF
The body is first partitioned into two subregions, the BEM-region ΩB
which contains the crack and the FEM-region ΩF . The modeling of the FEM-
region (which is envisioned to be the main portion of the structure) by a standard
finite element procedure can be readily treated by exploiting the vast features in
ABAQUS (e.g. mesh generation, element and material specification and treatment
of general loading).
The treatment of the subregion ΩB by the SGBEM requires special attention.
The boundary of the subregion, including the crack surface, is discretized. The co-
efficient matrix (containing APQ,BPQ,CPQ and DII with PQ ∈ {U, To, C, I}) and the
known column vector (containing R1, R2, R3, R4 and R5) associated with this
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discretization are then computed by means of the SGBEM stand-alone code. The
coefficient matrix can be viewed as a stiffness matrix for a ‘super element’ contain-
ing all the degrees of freedom from the BEM-region, and the known column vectors
correspond to the element load vector. These coefficient matrix and load vector
can then be assembled with element stiffness matrices contributed from the FEM-
region in the same manner as that utilized in a standard finite element method. To
import this essential element information into ABAQUS, we utilize a user-defined
element subroutine (UEL) which allows specification of each entries of an element
coefficient matrix and an element load vector and parameters facilitating the assem-
bling procedure. While this feature allow the importation of necessary information
to be achieved, it possesses a limitation that the number of degrees of freedom in
each user-defined element must not exceed 999. To overcome this difficulty, the
BEM-region is treated as a collection of fictitious elements where their number of
degrees of freedom is between 1 and 999. As a consequence, the coefficient matrix
and known vector must be partitioned into symmetric sub-matrices and sub-vectors
corresponding to these fictitious element. The element coefficient matrix and the
element known vector for each fictitious element are then imported into ABAQUS
via the user-defined element subroutine. We remark that each nodal point on the
interface of BEM-region contains six degrees of freedom, three degrees of freedom
for displacement and three degrees of freedom for traction. These nodes need to be
treated specially as double-nodes where they consist of two geometrically identical
nodes with two different numberings, one for displacement degrees of freedom and
one for traction degrees of freedom.
4.4.2 Treatment of interface constraints
To combine the coefficient matrix and the known vector contributed from
the BEM-region and FEM-region in the assembling procedure, the information on
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the interface of the two regions is essential. Specifically, a relationship between
degrees of freedom on the interface, known as interface constraints, must be enforced
properly to obtain a unique numerical solution to the boundary value problem. In
the implementation, two types of constraints associated with (4.29) and (4.46) are
treated in the context of conforming and nonconforming discretization. Note, in
particular, that for conforming discretization these two constraints are identical.
First, we treat the interface constraints in the context of conforming dis-
cretization. In this case, the coefficient matrix and the load vector associated with
each fictitious element on the BEM-region can be readily assembled with those cor-
responding to elements on the FEM-region by employing proper nodal numbering.
Specifically, the numbering of nodal points on the interface of the BEM-region is
chosen to be identical to that of nodal points (associated with the same degrees of
freedom) on the interface of FEM-region. The remaining nodes on the BEM-region
must be numbered different from that of nodes on the FEM-region, especially for
the numbering used for traction degrees of freedom of double-nodes. In this sense,
the assembling procedure follows naturally that for a standard finite elements.
In the context of nonconforming discretization, the interface constraints are
treated by employing certain features in ABAQUS which allows the specification
of linear constraints. In particular, the reference interface SRI is chosen such that
SRI ∈ {SBI , SFI }; and, as a consequence, constraints follow (4.42) and (4.43) for weak
enforcement of continuity and (4.46) for collocation. To utilize the weak enforce-
ment of continuity to perform the coupling, one of the constraint matrices (Λ̄FB or
Λ̄BF ) depending on the choice of the reference interface is first computed and then
imported into ABAQUS via the linear constraint command called EQUATION .
This command allows the specification of nodal points and degrees of freedom in-
volved in the constraint and entries of the coefficient matrix. We remark that the
numbering of nodal points on the BEM-region must be different from that of nodal
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points on the FEM-region. If the collocation constraints is utilized, the importation
of constraint data into ABAQUS can be achieved in two different ways. The first
approach, the EQUATION command can be readily applied as discussed above;
however, the constraints matrix Λ̄BF or Λ̄FB is required to be determined in a pri-
ori by the user similar to the case of weak enforcement of continuity. The second
option is to utilize the multi-point constraint command (MPC) which requires no
specification of the constraint matrix and suits ideally this type of constraint. In
detail, this command allows the specification of an element (defined by a collection
of nodal points) on the reference interface SRI (∈ {SBI , SFI }) which is used to define
the interpolant and a nodal point on the other interface where its projection point
lies on this specified element. A procedure to carry out the corresponding constraint
matrix is achieved automatically via the use of MPC command.
4.4.3 Determination of stress intensity factors
The primary quantities of interest are the stress intensity factors along the crack
front. This quantities can be obtained directly in terms of nodal data associated
with degrees of freedom along the crack front (see Chapter 3). After the analysis is
complete, this set of data can be readily extracted from the ABAQUS output file by
employing available output features in ABAQUS. The post processing of this data
to obtain the stress intensity factors requires the information of crack tip elements
along the crack front and material properties, and this can be readily achieved by
means of the developed stand alone code.
4.4.4 SGBEM-ABAQUS results
In this section, we present two examples, a circumferential crack and an em-
bedded crack contained in a cylinder and a cantilever beam with a surface flaw, to
illustrate the capability of SGBEM-ABAQUS coupling. The conforming discretiza-
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tion is considered in the first problem and the nonconforming discretization with
two types of constraint, the collocation and the weak enforcement constraints, is
treated in the second problem. The results are obtained and then compared with
those obtained from the developed stand-alone code. We remark that the coarser
interface is chosen to be the reference interface.
Embedded and circumferential cracks in a cylinder
Consider again embedded and circumferential cracks in a cylinder as presented
in section 4.3.1. The uniform normal traction σo is applied at both ends of the
cylinder and the geometry is taken to be the same as previously treated. Mesh used
(b)(a)
Figure 4.50: (a) Conforming mesh for an embedded crack and (b) Conforming mesh
for a circumferential crack in a cylinder adopted for the SGBEM-ABAQUS coupling.
in the analysis for each problem is shown in Figure 4.50. The normalized mode-I
stress intensity factors obtained from the SGBEM-ABAQUS coupling and from the
developed stand alone code are listed in table 4.5. The obtained results indicate
the good agreement between the developed code and SGBEM-ABAQUS coupling;







Developed code ABAQUS Developed code ABAQUS
isotropic 0.9975 0.9973 0.9957 0.9957
zinc 0.9945 0.9946 0.9965 0.9966
Table 4.5: Normalized stress intensity factors for (a) an embedded crack and (b) a
circumferential crack in a cylinder subjected to uniform normal traction σo at the
ends. The results are for isotropic material with ν = 0.3 and zinc. The reference
stress intensity factors are obtained from SGBEM with Mesh 4 shown in Figure 4.4
and in Figure 4.7 (Kref1 = 0.6867
√




πa σo for isotropic
material, and Kref1 = 0.6978
√




πa σo for zinc).
Surface flaw in cantilever beam
As a final example, we revisit the cantilever beam containing a surface
flaw and subjected to end load Po. Here, we illustrate the coupling of ABAQUS
with the SGBEM in the context of nonconforming discretization. Both types of
constraint, the collocation and the weak enforcement, are treated and the interface
with a coarser mesh is chosen to be the reference interface. In this study, the mesh 1
indicated in Figure 4.51 (identical to Mesh 1 shown in 4.22) is utilized to obtain the
stress in tensity factors along the crack. The stress intensity factors are plotted in
Figure 4.52, Figure 4.53 and Figure 4.54 for both types of constraint along with those
obtained from the developed stand alone code. It can be concluded from obtained
results that there is no significant difference between the solutions from ABAQUS-
SGBEM coupling and the developed code for both cases which demonstrates the
capability of performing coupling of SGBEM and ABAQUS with accurate results.
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Figure 4.51: The conforming mesh for a cantilever beam containing a semi-circular
surface flaw adopted for SGBEM-ABAQUS coupling. Note that this mesh is iden-
tical to Mesh 1 shown in Figure 4.22.
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Figure 4.52: Normalized mode-I stress intensity factor for a cantilever beam con-
taining a surface flaw subjected to uniform shear traction at the ends: (a) use
collocation constraint and (b) use weak enforcement constraint. Note that SRI = S
F
I
and σm = 6PoL/bh2.
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Figure 4.53: Normalized mode-II stress intensity factor for a cantilever beam con-
taining a surface flaw subjected to uniform shear traction at the ends: (a) use
collocation constraint and (b) use weak enforcement constraint. Note that SRI = S
F
I
and σm = 6PoL/bh2.
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Figure 4.54: Normalized mode-III stress intensity factor for a cantilever beam con-
taining a surface flaw subjected to uniform shear traction at the ends: (a) use
collocation constraint and (b) use weak enforcement constraint. Note that SRI = S
F
I
and σm = 6PoL/bh2.
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4.5 Summary
The coupling strategy between the SGBEM based upon weakly-singular inte-
gral equations and the standard FEM has been established to treat cracks in three
dimensional anisotropic, linearly elastic media. The formulation is symmetric and
combines advantages of both methods, e.g. the capability of SGBEM to accurately
modeling cracks and their immediate surroundings and the vast features of FEM to
treat the (possibly very complex) remaining region. The discretized governing equa-
tion is achieved both in the context of conforming and nonconforming discretization
at the interface where the latter allows the flexibility of meshing with possible use
of different levels of refinement for each subregion. Note that the final coefficient
matrix is symmetric and diagonally-sparse provided that the SGBEM is only uti-
lized locally. Remark that for nonconforming discretization, the weak continuity of
traction at the interface is fully satisfied if the weak enforcement constraints asso-
ciated with (4.42) and (4.43) is utilized while it is not if the collocation constraints
given by (4.46) is employed.
Various numerical examples are examined to illustrate the accuracy and the
robust character of the technique in obtaining the stress intensity factors, espe-
cially in the context of mix-mode problems and material anisotropy. The numerical
solutions indicate excellent convergence with slight mesh dependence for both con-
forming and nonconforming cases. It is also observed, by comparing with available
bench mark solutions from the SGBEM, that a relatively coarse mesh can be utilized
to obtain accurate numerical results. Finally, we remark that the weak enforcement
constraint is preferable to the collocation constraint since the former yields more





A symmetric Galerkin boundary element method (SGBEM) has been de-
veloped for analysis of fractures in three dimensional anisotropic, linearly elastic
media. The method rests upon a pair of weak-form integral equations (one for dis-
placement and one for traction) which have been established as part of this work.
The kernels involved in these governing integral equations are weakly-singular (of
order 1/r) and are given in an explicit and concise form for general anisotropy. An
important feature of the method is that standard Co elements can be employed,
and in the numerical treatment followed here standard isoparametric elements have
been adopted exclusively apart from the use of a special crack-tip element. The
crack-tip element has the novel feature that, associated with nodes along the crack
front, there exist degrees of freedom which are directly related to the mixed-mode
stress intensity factors.
The utility of the method for treating cracks in anisotropic media has been
demonstrated by considering various example problems, including ones for cracks
in an unbounded domain and ones for embedded and surface breaking cracks in a
finite domain. It has been found that highly accurate stress intensity factor data
can be obtained with relatively coarse meshes even for cases involving a high degree
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of material anisotropy.
While the SGBEM developed here provides a means to obtain very accurate
stress intensity factors, it tends to become computationally inefficient as the num-
ber of degrees of freedom becomes large. To remedy this shortcoming, the SGBEM
has been coupled with the standard finite element method (FEM) in such a way
as to retain a symmetric coefficient matrix. In the development and implemen-
tation of this coupling, the ability to have nonconforming discretizations (on the
interface separating the SGBEM and FEM regions) has been treated by means of
a weak enforcement of the continuity conditions. The freedom afforded by such
nonconforming discretizations can significantly reduce the modeling effort since it
allows the SGBEM and FEM sub-regions to be meshed independently. It has been
demonstrated that the SGBEM-FEM strategy is effective for obtaining highly ac-
curate fracture data, and it is believed that it is an efficient computational tool for
three-dimensional fracture analysis. Indeed, the coupling of the SGBEM with the
commercial code ABAQUS (which has also been carried out as part of this work)
may prove to be a particularly valuable computational tool.
One aspect of fracture analysis which has not been addressed in this work
is crack evolution. The SGBEM is an attractive strategy for treating crack growth
since only the crack surface needs to be remeshed as the crack advances (rather than
the domain around the crack as in the FEM), and certainly re-meshing strategies
could be adopted for this purpose. However, to properly treat crack growth requires
knowledge of a growth criterion, and such a criterion has not yet been fully estab-
lished for general mixed-mode conditions. Indeed, such growth laws are lacking even
for isotropic materials (although simple, assumed laws are often adopted based upon
well developed criteria for two-dimensional crack growth). Accurate computational
strategies such as the one developed here could, perhaps, be beneficial in developing










We denote the displacement and stress associated with the unit Kelvin state as
{Upi , Spkl} such that, for a concentrated load Fp acting at a point x, the displacement
and stress at a point ξ are given by ui(ξ − x) = Upi (ξ − x)Fp and σkl(ξ − x) =
Spkl(ξ − x)Fp, respectively. With partial differentiation with respect to ξi denoted
by a comma (i.e. (·),i ≡ ∂(·)/∂ξi), the Kelvin state satisfies
Spkl,k = EklijU
p
i,kl = δlp δ(ξ − x) (A.1)
where δ(ξ − x) is the Dirac-delta function centered at x. For purposes of presen-




Equation (2.12) is readily established by using (A.1) and noting the symme-
tries of the elastic moduli. Equation (2.13) follows from
Σlkij,l(ξ − x) = ElkpqSpij,ql = ElkpqEijmnUpm,nql
= EijmnElkpqUmp,qnl = EijmnS
m
lk,ln
= −[Eijklδ(ξ − x)],l (A.2)
where the reciprocity-relation U ji = U
i
j has been employed in addition to (A.1). We
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note that the observations Σlkij,i = 0 for ξ 6= x and Σlkij,l = 0 for ξ 6= x have been




Here we provide only a brief summary of certain properties of the Radon transform
which are pertinent to our development. See Bacon et al.[2] for a more in depth
summary, and see [13, 19, 23] for an extensive development of this integral transform.
The Radon transform involves two independent transform parameters: a
unit vector z and a scalar α with −∞ < α < ∞. For a given z and α, the relation
z ·ξ = α defines a plane in Euclidian space R3, and the Radon transform of a (scalar,
vector or tensor valued) function f = f(ξ) is defined in terms of an integral over
such planes as






f(ξ) δ(α− z · ξ) dV (ξ) (B.1)
The function f(ξ) is then given in terms of its Radon transform f̂(z, α) by the
inversion formula







in which the integral is to be carried out over the surface of the unit sphere ||z|| = 1.
Certain useful properties and results concerning the Radon transform are summa-
rized below.
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(2) The Radon transform of the Dirac-delta function δ(ξ − x) is given by
R{δ(ξ − x)} =
∫
R3






= δ(ξ − x) (B.5)








= −4πR{δ(ξ − x)} (B.6)







= −4πδ(α− z · x) (B.7)
(4) Let f = f(ξ − x) be a function for which
∂2f̂(z, α− z · x)
∂α2
= g(z, α− z · x) δ(α− z · x) (B.8)
Employing the Radon transform inversion formula we obtain




g[z, z · (ξ − x)] δ[z · (ξ − x)] dS(z) (B.9)
and, since δ(ax) = δ(x)/|a|, it follows that




g[z,z · (ξ − x)] δ(z · e) dS(z) (B.10)
where r = (ξ−x), r = ||r|| and e = r/r. From the sifting property of the Dirac-delta
function, equation (B.10) reduces to (e.g. [18])




g[z, z · (ξ − x)] ds(z) (B.11)
in which the integral is to be evaluated over the unit circle ||z|| = 1 in a plane for
which z · r = 0.
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Appendix C







To establish the existence (and nonuniqueness) of the kernel Gpmj , it suffices to show
that the system of linear equations (2.28) admits an infinite number of solutions.
Now, it can be readily shown that the adjoint of the linear operator L = εikmzk is
L∗ = εimkzk and, further, that the null space N of L and the null space N ∗ of L∗
coincide and satisfy
N ∗(εimkzk) = {cm = ρzm : ∀ρ ∈ R} (C.1)
That the vector on the right hand side of (2.28) is orthogonal to all elements of N ∗
(i.e. that the equations are consistent) follows from
ciΩijpδ(α− z · x) =
[
δpjzizi − ziEijdczc(z, z)−1pd
]
ρδ(α− z · x)
=
[
δpj − (z, z)jd(z, z)−1pd
]





ρδ(α− z · x)
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≡ 0 (C.2)
and this ensures the existence of ∂2Ĝpmj/∂α
2. Since the dimension of the null space
of L is not zero, the solution for ∂2Gpmj/∂α2 is not unique and, in fact, there is an
infinite number of solutions. From (C.1) it is evident that, for any particular solution
∂2Ĝpmj/∂α




2 is also a solution. Applying
the Radon transform inversion it then follows that if Gpmj is a particular kernel, then
the quantity Gpmj + ∂L
p
j/∂ξm is also a valid kernel for every (suitably well behaved)
function Lpj . If attention is restricted to kernels which are functions of (ξ − x) and
which are homogeneous of degree λ = −1, it is then consistent to restrict attention
to functions Lpj (ξ − x) which are homogeneous of degree λ = 0.
C.2 Kernel Ctkmj
The existence and nonuniqueness of the kernel Ctkmj is established by showing that
(2.34) admits an infinite number of solutions. Toward demonstrating this, we first









in which the pth-row and qth-column of the matrix correspond to the indicies {i,m, l, t}
appearing in the linear operator according to p = [3(i−1)+ l] and q = [3(m−1)+t],









and 0 denotes the 3× 3 matrix for which all entries are zero.
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Now, since Z is skew-symmetric it follows that the operator εismεlrtzszr is
symmetric and self-adjoint. Further, since the matrix in (C.3) is singular with rank
equal to four, the dimension of the null space of the operator is five. To construct
a basis for the null space, we observe that a solution to
εismεlrtzszrcmt = 0 (C.5)
is given by cmt = ηmzt + κtzm in which ηm and κt are arbitrary. It is then easily
verified that, by making appropriate choices for ηm and κt, a set of five linearly
independent elements c(i)mt (with i = {1, 2, 3, 4, 5}) can be generated to form a basis
for the null space. Indeed, the particular choices c(i)mt = δimzt for i = {1, 2, 3} and
c
(3+i)
mt = δitzm for i = {1, 2} serve this purpose. (Note that the element c(6)mt = δ3tzm
can be expressed as a linear combination of the previous five elements; this is readily
shown by expressing the elements c(i)mt in the form of a 9-vector.) Hence, the null
space of εimsεltrzszr is given by
N (εimsεltrzszr) = {cmt = ηmzt + κtzm : ∀ ηm, κt ∈ R} (C.6)
A necessary and sufficient condition for ∂2Ĉtkmj/∂α
2 to exist is that the term
on the right hand side of (2.34) be orthogonal to all elements in the null space of the
(self-adjoint) linear operator εimsεltrzszr, and that this holds can be demonstrated
as follows:
cilΛijklδ(α− z · x) = ηi
[
zlEijkl − (zlElkpqzq)Eijabzb(z, z)−1ap
]
δ(α− z · x)
+ κl
[
ziEijkl − (ziEijabzb)Elkpqzq(z, z)−1ap
]
δ(α− z · x)
= ηi
[
zlEijkl − (z, z)kpEijabzb(z, z)−1ap
]
δ(α− z · x)
+ κl
[
ziEijkl − (z,z)jaElkpqzq(z, z)−1ap
]











δ(α− z · x)
≡ 0 (C.7)
That ∂2Ĉtkmj/∂α
2 is non-unique is evident from the fact that the dimension of
the null space of εimsεltrzszr is not zero. From (C.6) it is clear that, for any particular
solution ∂2Ĉtkmj/∂α




a valid solution. This implies that given any particular kernel Ctkmj , the quantity
Ctkmj + ∂M
tk
j /∂ξm + ∂N
k
mj/∂ξt is also a valid kernel. Here it suffices to restrict




Discussion of the solid angle
Φ(x)
The quantity Hpip admits a representation in the form












rp(ξ − z) dzt (D.2)
in which Γ(x) is any path originating at x and extending to infinity (without passing
through the field point ξ). To establish this result, we first note that Hpip → 0 as
r →∞, that ∂Hpip/∂ξk = −∂Hpip/∂xk and that ∂Hpip/∂ξi = −3δ(ξ − x). Then from





















= Hpip(x− ξ) (D.3)
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which, upon an application of Stokes’ theorem (with x /∈ S and with the path Γ(x)





We remark that a related development (in terms of somewhat different notation) is
given by Li and Mear [28].
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Appendix E
Equivalence of kernels and
reduction for isotropy
The kernel Gpmj given by (2.33) and the kernel C
tk
mj given by (2.40) are valid for
general anisotropy. To specialize them to isotropic material behavior we note that
for such materials (e.g. [2])
Eklpq = µ
(
















δij − 12(1− ν)zizj
)
(E.3)
Utilizing these relations we readily reduce (2.33) to
Gpmj(ζ) = {Gpmj(ζ)}(2.61) + Ḡpmj(ζ) (E.4)
(E.5)
and (2.40) to
Ctkmj(ζ) = {Ctkmj(ζ)}(2.62) + C̄tkmj(ζ) (E.6)
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− (1− 2ν)δjk r,mt
]
(E.8)
In these relations, ζ = (ξ−x), r = ||ζ|| and a comma indicates partial differentiation
(i.e. (·),m ≡ ∂(·)/∂ξm). Clearly, within the context of the non-uniqueness expressed
by (2.60), the terms Ḡpmj and C̄
tk
mj can be discarded without loss. We remark that
the kernels {Gpmj}(2.61) and {Ctkmj}(2.62) appear to be in their ‘most reduced form’ in
the sense that they do not contain any additional terms in the form of a gradient of
a function which can be discarded by (2.60).









Upon employing the identity
εumvεwts = δuw(δmtδvs − δmsδvt) + δut(δmsδvw − δmwδvs)
+ δus(δmwδvt − δmtδvw) (E.10)
it can be shown that this kernel can be re-expressed in the form (E.6) with the





















Clearly the additional term C̄tkmj can be discarded without loss.
168
Finally, we consider Lothe’s kernel for general anisotropy. By employing
(E.10), Lothe’s kernel (2.63) can be re-expresses as
Ctkmj(ζ) = {Ctkmj(ζ)}(2.40) + C̄tkmj(ζ) + C̄
tk
mj(ζ) (E.12)
where {Ctkmj(ζ)}(2.40) denotes the kernel given by (2.40) and where the additional
terms C̄tkmj and C̄
tk


























zmztzczd(z, z)−1en EajecEdnkads (E.14)
Clearly the term C̄tkmj can be discarded without loss (since it is in terms of a gradient
with respect to ξm or ξt). While the term C̄
tk
mj must itself be expressible as a gradient
with respect to ξm or ξt, we have not attempted to directly show this. Rather, we










hence the term C̄
tk
mj can also be discarded without loss.
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Appendix F





The entries of ΛBR are obtained through a summation of the contributions from









[ΦB(y)]i [ΦR(yp)]j dS(y) (F.2)
is the contribution from the element which occupies the portion SBe of S
B
I . In this
relation, yp ∈ SRI is the closest point projection of y ∈ SBe .
The integrand appearing in (F.2) does not, in general, have a continuous gra-
dient over the entire element SBe and, as a consequence, standard gaussian quadra-
ture is not an effective means for evaluating [ΛeBR]ij . For this reason, a numerical
integration scheme based upon the trapezoidal rule is utilized instead.
To discuss the integration technique, consider a pair of master elements ŜBe
















Figure F.1: Schematic indicating numerical numerical treatment of [ΛeBR]ij . In the
center figure, elements associated with SBI are indicated in solid line whereas those
associated with SRI are indicated in dashed line.
element SRe on S
R
I , respectively, as shown schematically in Figure F.1. The master
element ŜBe is partitioned into N equal-size squares. Let the centroid of the n
th
square be given by (ξn, ηn), and note that it corresponds to a point yn ∈ SBe in
physical space. The closest point projection of yn onto SRe is denoted by y
n
p ∈ SBe and




p ). The approximation




[Φ̂B(ξn, ηn)]i [Φ̂R(ξnp , η
n
p )]j J(ξ
n, ηn) An (F.3)
where Φ̂B and Φ̂R are nodal basis functions defined on ŜBe and Ŝ
R
e , respectively,
J(ξn, ηn) is the jacobian of the transformation evaluated at (ξn, ηn) and An is the
area of the nth square. Note that the procedure to obtain ΛFR is identical to that for
ΛBR. Finally, we remark that the specific procedure utilized to obtain the closest
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